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Abstract

Two new techniquesfor the conversionof color imagesto gray scaleimagesarediscussed.Thenecessary

componentsfor producingvisuallypleasinggrayscaleimagesareidenti�ed, andtheinadequaciesof previous

methodsarediscussed.Severalexamplesof thenew techniquesareincluded.Thetechniquesareextendedto

theproblemof recoloringimagesto preservevisualinformationfor colorde�cient viewers.Resultsof aper-

ceptualexperimentarediscussed,showing theadvantagesof thenew techniquesoverexisting techniques.
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Chapter 1

Intr oduction

The automaticreductionof color imagesto monochromehastraditionally beena �x ed process.In the

realmof traditionalphotography, monochromatic�lm hasa �x ed responseover (andoccasionallybeyond)

thespectrumof visible light. To introducevariationto theprocess,eitherthe incominglight mustbemodi-

�ed or labor intensive dark roomtechniquesmustbeemployedwhenmakingprints. In eithercase,human

intervention to deviate from the �x ed processcan be time consumingand unforgiving. With the rise of

digital photography anddigital imagemanipulation,new techniquesarepossiblewith increased�e xibility .

However, currentautomatictechniquesconsistof usinga linearcombinationof thecolorchannelswith �x ed

coe� cients.Overcomingthe�x edtransformationto grayscaletypically involves“channelmixing”, wherea

usermanuallyspeci�escoe� cientsfor acustomlinearcombinationof thecolor channels.

Ononehand,anautomatedcolor to grayscaletransformationis usefulto quickly processimages.On the

otherhand,a �xed automatedtransformationwill beunlikely to handleall imagesadequately, asit is unable

to adaptto speci�c imageproperties. While artistic intervention will always have its place,an adaptive,

automatictransformationcanreducemanuallaborwhena �x ed,automaticconversionfails, andtheuseris

notoverly concernedwith artisticlicense.

Theprocessof convertingacolor imageto grayscalecanbemoregenericallydescribedasa reductionin

dimensionsof colorspacefrom threeto one.As it is impossibleto retrainall thecolor relationshipsfrom the

original image,somevisual informationwill be lost. We should,however, strive to minimizetheamountof

lost visualinformationin orderto createanaccurateportrayalof theoriginal image.

A similar problemarisesin reducingcolor spacedimensionsfrom threeto two, which is requiredin

re-coloringimagesto preserve detail for viewerswith color de�cient vision. Color de�cient vision, often

erroneouslyreferredto as“color blindness”,arisesfrom an individual's inability to distinguishsomesetof

colors.Re-coloringanimage,takinginto accountthisde�ciency, canrestorelost visualcolordetail.

In thisdissertation,wewill discussthepropertiesthatwebelievearenecessaryto createvisuallypleasing

reductionsin dimensionalityof color images.By minimizing the lossof thesequantities,we cancreatea

practicaltransformationfor converting color imagesto grayscale,or re-coloringimagesfor color de�cient

viewers,while still remainingfaithful to thevisualdetailof theoriginal image.
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We begin with a backgrounddiscussionof color and its many forms, in Chapter2. Next, Chapter3

discussestheproblemof reducingthedimensionsof a color gamut. Relatedwork is coveredin Chapter4,

andageneralstrategy for solvingthedimensionreductionproblemfor colorgamutsis outlinedin Chapter5.

Chapters6 and7 provide two techniquesfor reducingthedimensionsof a color gamut,aswell asmultiple

exampleimagesshowing thestrengthsandweaknessesof thetechniques.Chapter8 includestheresultsof a

perceptualexperimentconductedto validatethetechniquesof Chapters6 and7. Chapter9 divergesslightly,

discussinghow thestrategy of Chapter5 canbeappliedto theproblemof reducingtherangeof acolorgamut.

Weconcludewith pointsfor furtherinvestigationin Chapter10.



Chapter 2

Background

Color is perceived from relative di� erencesin energy acrossa spectrumof electromagneticradiation.

While this is a very expressive representation,it posessomeproblemsfor color practitioners. The chief

issueis thatof compactness.Accuratelyrepresentingacolorspectrumfor thepurposesof humanperception

requiresthestorageof severalhundredsamplesof therecordedenergies.

To understandthisproblemof dataexplosion,considertheinnerworkingsof theeye. Thenormaleyehas

two classesof photoreceptors,rodsandcones.Rodsdominateperceptionin low light conditionswhile cones

dominateperceptionin brighterconditions. Onecanthink of rod vision as“night vision”, asan example

of low light vision. Conesare responsiblefor the perceptionof color. This is achieved by threetypes

of photoreceptors.Onegroupof cells is sensitive to shortwavelengthvisible light, anotheris sensitive to

mediumwavelengthvisible light, while thethird is sensitiveto longwavelengthvisible light. Thewavelength

sensitivity of eachcell is governedby apigmentationof thecell, in thesamewaythatskintonesarecontrolled

by pigments.This pigmentationallows certainwavelengthsof light to passthrough,actingasa �lter for the

light. Theamountof energy �ltered is thenregisteredby theconeandpassedon to thebrain for additional

processing.

Theoutputof thesethreecategoriesof conesis responsiblefor whatwe perceive ascolor. As thereare

only threegroupsof cones,a naturalreductionof color datacould be achieved by a mappingfrom energy

spectrato a spaceof threedimensionsrepresentingtheamountof energy �ltered by eachtypeof cone.This

wouldnotbeaone-to-onemapping,sinceit is possiblefor multipledistinctspectrato mapto thesamecolor

triple. However, we aregenerallyconcernedwith humanperceptionof color andnot the spectralenergy

representationof color. If thereis a hugesetof spectrathat mapto a singlecolor triple, this is acceptable

becausethecolorsareperceivedto bethesame.

Thereis a wide rangeof threedimensionalcolor spacesthat have beenproposedto representcolors.

Perhapsthe bestknown of theseis referredto asRGB. Here,the primary colors,red,green,andblue,are

mixedtogetherto form agivencolor. Thesecolorsaregenerallyusedin systemswherelight is addedto form

agivencolor. Perhapsthemostwell known exampleis thatof a television. A similarcolorspace,CYM, uses

theprimarycolors,cyan,yellow, andmagentato mix agivencolor. Thesecolorsareusedin processeswhich

subtractlight to form a givencolor. For example,to mix yellow paint,we needa substancewhich removes
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Figure 2.1: HSVColor Cone: TheHSV color representationcanbevisualizedasa cone.Hue is shown in
theangulardirection,saturationin theradialdirection,andvaluein theverticaldirection.

bluefrom incominglight. Thepaintcannotaddmorelight into thesystem,soit mustremovethecomplement

of thedesiredcolor. Often,black,which ideallyabsorbsall light, is usedin conjunctionwith theCYM space

colors.Sincetheabbreviation “B” is takento representblue,theletterK is chosento abbreviateblack. This

additionalcolor allows for a blacker blackthana mixtureandit alsosavescolor for caseswherea majority

of thecolor is agrayscale.

Thereare two major de�ciencieswith the RGB andCYMK color worldviews. The �rst de�ciency is

oneof usability. Achieving speci�c targetcolorsby mixing primariesis ofter non-intuitive. As anexample,

onemight try to specifycomponentsin RGB for “ClemsonOrange”. To make primary speci�cationmore

intuitive, Smith[1978] proposedthehue,saturation,andvalue(HSV) representation.Here,the�rst dimen-

sion,hue,canbevisualizedasthenameof thecolor, for examplered,green,or orange.Thenext dimension,

saturation,describeshow vivid thehueappears.A fadedcolor photographwould have low saturationasthe

color recedesto a gray-ishimage.A Hawaiianshirt or a Clemsonfootball fanwould have a high saturation.

The�nal dimension,value,describeslightnessor darkness.For example,whitewouldhavehighvalue,while

a dark blue would have a low value. This allows for mucheasierspeci�cationof color, asthe main color

componentin whichanartistwouldbeinterested,hue,liesalongone(polar)axisinsteadof beingdependent

uponmultiple dimensions.TheHSV color representationcanbevisualizedasa coneof colors,asshown in

Figure2.1.
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A secondde�ciency is that thecolor systemsdiscussedso far aredependentupontheoutputdevice. A

color triple only speci�estheamountof agivenprimarycolor to beproduced.It doesnotspecifythevalueof

theprimaryitself. If two distinctoutputdevicesbothdisplay“full red”, it is almostcertainthattwo di� erent

light spectrawill beproduced.We would hopethat thespectrawould bevisually indistinguishableandour

mappingwould still remainvalid. However, quiteoftenthetwo colorswill look ratherdi� erent. Insteadof

usingthecolorvaluesasinputsfor somecontrolsignals,asis thecasefor RGBor CYMK, wecanspecifythe

appearanceof thecolor to bereproduced.This thenrequiressomeknowledgeof therelationshipbetweenthe

controlsignalsandtheoutputcolorsonadeviceby devicebasis.Also,somedecisionmustbemaderegarding

how to handlespeci�ed colorswhich cannotbereproducedby theoutputdevice. Handlingthis decisionis

partof gamutmapping, whichhasa largeandinvolvedbodyof research[Stoneetal. 1988;Morovic andLuo

2001].

To assistin matchingthe perceived color of any spectralenergy distribution, the CommissionInterna-

tionale de L'Eclairage (CIE) studiedhumanvisual responseand put forth a color spaceknown as XYZ

[InternationalCommissionon Illumination 1931]. Here,threefunctionsde�ned over the visible spectrum

wereusedto computeeachcolor component.The threefunctions,known ascolor matchingfunctions,are

givenby x̄(� ); ȳ(� ); andz̄(� ) where� is thewavelength.Thecolormatchingfunctionsareillustratedin Figure

2.2. Also speci�edwerethreebasisspectra,X(� ), Y(� ), andZ(� ). Thecolor matchingfunctionsareusedto

computethecoe� cientsfor eachbasisspectrum.If L(� ) is a givenspectrumof light, thecolor coe� cients

arecomputedas

X = k
Z 1

�1
L(� ) x̄(� ) d�

Y = k
Z 1

�1
L(� ) ȳ(� ) d�

Z = k
Z 1

�1
L(� ) z̄(� ) d�

Thecoe� cientk is usedto normalizethecolors,suchthat“white” hasY = 100.For agiven“white” spectrum

E(� ), we typically have

k =
100

R1

�1
E(� ) ȳ(� ) d�

The“white” spectrumis dependentupontheillumination of theenvironment.After computingX, Y, andZ,
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thecolor

XX(� ) + YY(� ) + ZZ(� )

is perceptuallyindistinguishablefrom theoriginal color, L(� ).

Unfortunately, integratingover the spectrumis not easyif we only have somedevice dependentcolor,

say, RGB. Knowledgeof thespectralvaluesproducedfrom somesetof controlsignalsfor a device is nec-

essary. For example,color CRTs �re streamsof electronsat anarrayof phosphors.Theelectronsexcite the

phosphors,which thenemitcoloredlight. Wecanexaminethespectrumemittedby thephosphorsto �nd the

spectralcolor associatedwith a particularcontrolsignal. This works to a point, asmostCRTs have similar

phosphors.However, variationbetweenindividual systems(hencethe “tint” dial on televisions)precludes

extremelyaccuratecorrelationbetweencontrolsignals(RGB) andspectralcolor output. In orderto achieve

thisaccuracy, thespectraloutputmustbemeasured.

While theCIE XYZ color systemprovidestheability to dealin device independentterms,it still is not

intuitive how to producespeci�c colors, suchas “ClemsonOrange”. To move toward this goal, we will

�rst examinea slight modi�cation to XYZ. This system,referredto asxyY, partitionsthecolor in two. The

�rst division, known aschromaticity, is representedby two dimensions,x andy. Thethird dimension,Y, is

referredto asluminance. Here,luminanceis similar to thevaluedimensionin HSV, andcanbevisualized

asa graygradient.Chromaticitycanbethoughtof asa meldingof hueandsaturationdimensions.It canbe

visualizedusingthecolor plot in Figure2.3, wherex is on thehorizontalaxisandy is on theverticalaxis.

TheconversionbetweenXYZ andxyY is straightforward:

x =
X

X + Y + Z

y =
Y

X + Y + Z

Y = Y

Thedevelopmentof theCIE XYZ colorsystemwasanimportantstepin relatingcolorperceptionto color

speci�cation.Thereis anotherimportantpropertywhichCIE XYZ failsto provide. In many cases,wewishto

comparecolorsand�nd how di� erentlythey areperceived.For example,wemaywish to know if anorange

or a redtoneis morediscerniblefrom a greentone. In color space,we would like thedistancebetweentwo

colorsto berepresentativeof theirperceiveddi� erences.Thispropertyis known as“perceptualuniformity”.

In thedevelopmentof a perceptuallyuniform color space,two standardshave beensetforth, CIE LUV and
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Figure 2.2: CIE XYZcolor matching functions,x̄, ȳ, andz̄: Thematchingfunctionsarerelative to theinput,
sotheverticalaxisis dimensionless.Thehorizontalaxisrepresentswavelenght,in nanometers.
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Figure 2.3: CIE ChromaticityDiagram: Thechromaticities(xy) of colorsthatcanbereproducedusingan
RGBcolormodel.Thecornersarered= (0:735;0:265),green= (0:274;0:717),andblue= (0:167;0:009).

CIE LAB. Today, CIE LAB is the commonchoiceand referencesto this spaceare found in most color

applications.Theconversionfrom CIE XYZ to CIE LAB is straightforward,but it requiresacolor“reference

white” aswasthecasefor computingXYZ components.Thechromaticityof thereferencewhite allows for

changesin illumination. For example,awhitesheetof paperwill appearto havedi� erentchromaticitieswhen

viewedwith a tungsten�lament light, �uorescentlight, or directsunlight.Commonchoicesfor white points

areIlluminant D65 with (x; y) = (0:3138;0:3310),Illuminant C with (x; y) = (0:31;0:316),andIlluminant E

with (x; y) = (0:334;0:334). Fromthesechromaticities,andtheassumptionthatY = 100for white, we can

�nd theXYZ valuesfor thereferencewhite:

Xr = xr
Yr

yr

Yr = 100

Zr = (1 � xr � yr )
Yr

yr

With this, theconversionfrom CIE XYZ to CIE LAB is:

L� = 116fy � 16; a� = 500
�
fx � fy

�
; b� = 200

�
fy � fz

�

xr = X
Xr

; yr = Y
Yr

; zr = Z
Zr

� = 216
24389; � = 24389

27
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Figure2.4: Bluede�ciencyin CIE LABandCIE LCH: A gradientacrosschromawith �x edhueandlightness
in CIE LCH colorspace.Noticethatthecenterof thegradientundergoesashift towardapurplehue.

where

fx =

8
>>>>>><
>>>>>>:

3
p

xr xr > �

� xr +16
116 xr � �

fy =

8
>>>>>><
>>>>>>:

3
p

yr yr > �

� yr +16
116 yr � �

fz =

8
>>>>>><
>>>>>>:

3
p

zr zr > �

� zr +16
116 zr � �

In theCIE LAB colorspace,theL� componentis known aslightness. It is formulatedto re�ect theperceptual

responseto luminance.While humanvisualresponseto luminanceis nonlinear, e.g.twicetheluminancemay

not seemtwice asbright, thevisualresponseto lightnessis linear. Thea� dimensionrepresentsthegradient

from red to greentones,while the b� dimensionrepresentsthe gradientfrom blue to yellow tones. This

formulation is alignedto our currentunderstandingof the physiology of perception. Both the a� and b�

dimensionsrangeover positiveandnegative values,with grayhaving (a� ; b� ) = (0;0).

In thesamespirit in which RGB spacewasassociatedwith HSV spacefor improvedusability, CIE LAB

spacecanbeassociatedwith theCIE LCH color space.Here,theL is lightness(equalto L� in CIE LAB), C

is chroma,similar to saturationin HSV, andH is hue.Thiscanbevisualizedasacylindrical parameterization

of CIE LAB space,givenby

L�
ch = L�

ab; C =
p

(a� )2 + (b� )2; H = tan� 1 b�

a�

While CIE LAB remainsthecommonlyacceptedcolor spacefor perception-basedcolor work, it is not

without its de�ciencies.Oneoftencitedproblemis thatof hueconsistency in theblueregionwhenusingCIE

LCH. If weexamineachromagradientin thebluehueregion,wecanobservethatit undergoesashift toward

purplein thecenterof thegradient.Thiscanbeseenin Figure2.4. In anidealsituation,acolor spacewould

haveastraightforwardhueparameterizationwithoutartifacts.Onemethodfor “�xing” CIE LAB hasbeento

usealternative di� erencemetricsfor determiningtheperceptualdistancebetweentwo colors. Theultimate

goalfor auniformcolorspaceis for Euclideandistanceto betheperceptualdistance.A varietyof di� erence

metricshave beenproposed,suchasCIE94 [CIE 1995],CMC [Clarke et al. 1984], andCIEDE2000[CIE

2001;Luo etal. 2001].Alternatively, anew colorspacecanbederived,asin [Cui etal. 2002].
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CIE LAB and its associatedperceptualmetricswere designedfor usewith large patchesof uniform

color. While this is useful for applicationssuchas paint color mixing, it posessomechallengesfor use

with computergraphics.Many imageshave high frequency detailwhich would not besuitablefor usewith

CIE LAB. A simpleexamplewould involve comparinga halftonedimagewith its grayscaleoriginal. From

someviewing distance,thehalftonepatternwill bevisually blurredandperceived(givena goodhalf toning

algorithm)ashaving continuoustones.Yet, if we simply comparethe two imagespixel-by-pixel basis,we

will �nd they arevastlydi� erent,sincethehalftonedimageis composedof blackandwhite. This di� erence

will not matchtheperceivedvisualdi� erencesbetweenthetwo images.ZhangandWandell[1997] propose

amethodfor dealingwith high frequency color information.They begin by separatinganimagein CIE XYZ

spaceinto an“opponent”space,

2
666666666666666664

O1

O2

O3

3
777777777777777775

=

2
666666666666666664

:279 :720 � :107

� :499 :290 � :077

:086 � :590 :501

3
777777777777777775

2
666666666666666664

X

Y

Z

3
777777777777777775

Thethreecolor channels,O1;O2; andO3 arethenspatially�ltered, usinga di� erent�lter for eachchannel.

This simulatesthe blurring of high frequency detail, aswith a halftonedimage. After �ltering, the colors

aretransformedbackto CIE XYZ for further processing.Sincethe introductionof this spatialextension,

therehasbeensigni�cant work doneon “color appearancemodels”, which attemptto accountfor more

complicatedperceptuale� ects. ExamplesincludeCIECAM97s[InternationalCommissionon Illumination

1998],CIECAM02 [Moroney etal. 2002],andiCAM [FairchildandJohnson2004].



Chapter 3

Gamut Reduction

Every color displaydevice hasa di� erentrangeof colors that it canreproduce.A speci�c, color ink

jet printerhasonesetof colorsit canprint. A CRT hasyet another(usuallylarger) setof availablecolors.

Further, eachCRT hasa slightly di� erentrangeof availablecolors.If we collectall colorsthata givencolor

displaydevice canproduce,we would have a threedimensionalsolid in a particularcolor space(e.g. CIE

XYZ). Thissolid is referredto asthecolorgamutfor thedevice.

Someproblemsof interestcall for a reductionin gamutdimension,eitherfrom threedimensionsto two,

or from threedimensionsto one. Evenwith thegrowing availability of color printing, thereremainsa large

legacy of grayscaleprinting. Often,whenpreparingdocumentsfor publicationor distribution,authorsmust

convert their color imagesto gray, subjectto therestrictionsof thepublisheror distributor of thedocument.

The US NationalScienceFoundationGrantProposalGuidesuggeststhat investigatorsshouldnot assume

their submissionswill bereproducedin color [NationalScienceFoundation2004]. Anotherinstanceof this

problemarisesin digital photography. Mostdigital camerascapturecolor images,leaving thetaskof creating

agrayscaleimage,if desired,to theartist.Blackandwhitecopiersarecommonplace,while colorcopiersare

lessfrequentlyfoundandoftenmoreexpensive to use.Theproblemof reducinga color imageto grayscale

is aproblemof reducingthegamutdimensionalityfrom threeto one.

While this problemarisesin severaldomains,thereis a simpleandrobustsolutionthat is generallyem-

ployed.Theluminancecomponentin perceptualcolorspaceis mappedto grayscaleandtheothercomponents

areignored.For many cases,this procedureworkswell. However for imageswith largechrominancevaria-

tionsandsmallluminancevariations,poorimagesareproduced.Figures3.1and3.2show someexamplesof

imageswherechromaticinformationthat is lost whenusingthemappingof luminanceto grayscale.As we

haveseenfrom theseexamples,mappingluminanceto graydoesnotalwayscreatevisuallypleasingimages.

However, thecriteriaby whichagrayscaleversionof acolor imageshouldbejudgedarenotreadilyapparent.

On the basisof a desireto preserve informationcontent,we conjecturethat onesuchcriterion should

bethepreservationof contrast.Colorswhich aredistinguishablein theoriginal imageshouldbemappedto

distinguishablegrayvalues.Thatis, thedistancein colorspacebetweenapairof colorsshouldbere�ectedin

thedi� erencebetweenthecorrespondinggraytones.For theexamplesshown in Figures3.1and3.2, failure

to preservecontrastaccountsfor thepoorresults.In the�o werandberryimages,theredandgreencolorsare
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(a) (b)

Figure 3.1: Whencolor to grayscalefails: Photographsandsyntheticexamplesof contrastingcolorswith
similar luminance.Column(a) shows the original imageswhile column(b) shows the resultinggrayscale
imageswhenluminanceis mappedto gray.
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(a) (b)

Figure 3.2: Whencolor to grayscalefails: Additional photographsof contrastingcolorswith similar lumi-
nance.Column(a) shows theoriginal imageswhile column(b) shows theresultinggrayscaleimageswhen
luminanceis mappedto gray.
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(a) (b) (c)

Figure 3.3: Whyglobal contrast is necessary:(a) Original color, (b) transformationusinglocal color con-
trast,and(c) transformationusingglobalcolor contrast.

mappedto similargrayvalues.While redandgreenarereadilydistinguishable,theresultinggrayimagedoes

not convey thesamevisual information.We shouldnotethat therewill alwaysbesomelossof information,

but weshouldstrive to minimizethelosses.

Thespatialscaleat which we examinethecontrastbetweencolorsis alsoimportant.Contrastcouldbe

viewedataglobalscale,betweenall pairsof colors,or ata localscale,betweenpairsof colorsfoundin some

neighborhood.Localadaptionof theretina,oftenexploitedby tonemapping[TumblinandRushmeier1993],

mayleadusto seekonly a local view of color contrast.This,however, hasa majordisadvantage.Take,asa

simpleexample,an imagecontainingthreecolors,eachwith thesameluminancevalue,asshown in Figure

3.3(a). Assumethe distancein color spacebetweenthe red andthe gray colors in the imagesis equalto

thedistancebetweenthegrayandthegreencolors. With local contrast,we would examinethedi� erences

betweenredandgrayandbetweengrayandgreen.A grayimagethatsatis�esonly local contrastcouldmap

bothcolorsredandgreento white andcolor grayto black,asseenin Figure3.3(b). This is becauseredand

greenareequidistantfrom gray. This, however, would not preserve thecontrastbetweengreenandredand

thuspotentiallycreatea nonsensicalgray image. For this reason,we believe that the contrastbetweenall

pairsof colorsmustbeconsidered.If weconsiderall pairsof colors,agrayscaleimagesuchasFigure3.3(c)

wouldbeproduced.

Anotherimportantcriterion for a grayscaleimageis thatof luminanceconsistency. Colorswith similar

huesshouldbemappedto agrayorderwhich is consistentwith theirdi� erencesin luminance.An additional

pairof constraintsis thatblackshouldmapto thedarkestgrayandwhiteshouldmapto thelightestgray. If a

grayimageviolatesluminanceconsistency, it is possiblefor highlightsto mapto blackandshadows to map

to white. This resultsin veryunnaturalandvisuallyconfusingimages.An exampleof this is shown in Figure

3.4. In the imagewithout luminanceconsistency (Figure3.4(b)) , theshadow umbraarebrighterthantheir

surroundings.
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(a) (b) (c)

Figure3.4: Luminanceconsistency: (a)Originalcolor image,(b) grayimagewithout luminanceconsistency
and(c) with luminanceconsistency. Note the di� erencesin the shadow andhighlight regions. The image
without luminanceconsistency canhave bright shadow regionsanddarkhighlightswhich de�es perceptual
cuesaboutshapeanddepth.

De�ciencies in color vision arisefrom di� erencesin pigmentationof optical photoreceptors[Wandell

1995]. Normalvision is characterizedby threedistinctpigmentationsof thephotoreceptors(cones),which

collectively allow receptionof long, medium,andshortwavelengthsof the visible spectrum.Anomalous

trichromatopiais a conditionin which the pigmentin oneconeis not su� ciently distinct from the others.

Theviewerstill hasthreedistinctspectralsensitivities,but theseparationis reduced.Dichromatopiais acon-

dition in which theviewer hasonly two distinctpigmentsin thecones.For bothdichromatopiaandanoma-

lous trichromatopia,therearethreesubclassi�cationsbasedon which conehastheabnormalpigmentation.

De�cienciesin conessensitive to long,medium,andshortwavelengthsarereferredto asprotanopic,deuter-

anopic,andtritanopic,respectively. Protanopicanddeuteranopicde�ciencies,the mostcommonforms of

color de�cient vision,arecharacterizedby di� culty distinguishingbetweenredandgreentones.Tritanopic

de�cienciesareassociatedwith confusionbetweenblueandyellow tones.Monochromatismis anotherform

of de�cient color vision,but it is quiterare.

In termsof color gamuts,a grayscaleimagehasa onedimensionalgamut. If we look at the casesof

dichromaticcolor de�cient vision, we �nd a two dimensionalcolor gamut. If we chooseto reducefrom a

full threedimensionalgamutto a onedimensionalgamut,we have thegrayscaleconversionproblem.If we

insteadreduceto a two dimensionalgamut,we cancreateimagessuitablefor color de�cient viewersthat

preserve somemeaningfulvisual informationfrom the original image. The objective hereis not to create

an imagethatcontainsthesamelevel of detail for all viewers,that is, for observerswith normalvision and
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thosewith variouscolor de�ciencies. Rather, our objective is createmultiple versionsof the image,each

tailoredto thevisualcharacteristicsof theviewer. Take, for example,theimagesin Figure3.5. Here,various

dichromaticcolorde�cienciesaresimulatedwith two di� erentsimulationtechniques.Thecontrastingcolors

of theoriginal images,shown in the left column,arereducedin thesimulatedcolor de�cient views (center

andright columns).We would like to createa falsecoloredimagewhich canconvey thecontrastin colors

from theoriginal imageto acolorde�cient observer.

We conjecturethat the two propertiesnecessaryfor “good” grayscaleimagesarealsonecessaryfor re-

coloring imagesfor color de�cient viewers. Luminanceconsistency would seemto be requiredto prevent

nonsensicalimagesfrom being produced. The requirementof preservingcontrastis more opento inter-

pretation,sincetheremay be �e xibility available in the choicesthat provide it. We will not examinethe

relationshipsbetweenthe remappedcolorsand the original colors. We will insteadfocuson maintaining

informationconveyedby contrast.This ignoresan importantcomponentof perception.We all have certain

color associationsthat we have learned.For example,the color perceived from the sky on a clearday we

associatewith “blue”. Thecolor perceivedfrom a �eld of cornwe associatedwith “green”. It is not evident

how to incorporatethesehigherlevel associationswith lower level remappingof colors.If wehaveto modify

somecolors to maintaincontrast,but preserve othercolors to maintainlearnedassociations,which colors

shouldbe modi�ed andwhich colorsshouldbe preserved? This would make for interestingfuture work,

but it is outsideof our scope. Instead,we will examinehow to carry the two basicproperties,luminance

consistency andcontrastpreservation,throughto a reductionto a two dimensionalgamut.
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Figure 3.5: Lossof contrast for color de�cient viewers: Simulateddichromaticprotanope(�rst two rows)
andtritanope(last two rows) views usingthemethodsof Meyer andGreenberg [1988] (centercolumn)and
Bretteletal. [1997] (right column).



Chapter 4

RelatedWork

Thereis a hugebody of work, both in computergraphicsandin mathematics,that attemptsto address

problemssimilar to ours. We will begin by discussingsomeproblemsthat areslightly di� erentfrom our

color conversionproblems.Next, we will cover somemoregeneralmathematicaltechniquesfor reducing

high dimensionaldatasetsto lower dimensions.We will thendescribea visualizationtechniqueoftenused

for handlinghighdimensionaldata.Finally, wewill discusssolutionsfrom traditionalphotography andrecent

work in computergraphics.

4.1 Similar Problems

Therehave beena numberof problemsaddressedthataresimilar to thegrayscaletransformproblem.One

suchproblemis thatof colorquantization[Heckbert1982].Here,animageof n colorsis reducedto animage

with of mcolors,with m < n, wherethenew colorpalettecontainingthemcolorsis chosenby thealgorithm.

In ourproblem,thenew colorpaletteis �x edtomshadesof gray. Thegoalof colorquantizationis to represent

thenew imagewith minimal visualartifacts.Perhapsthesimpleststrategy is a uniform quantization.Here,

the color spaceis divided by a regular grid. The mean,or perhapsmedian,color in eachcell is usedto

replaceall colorscontainedwithin thecell. Generally, this techniquedoesnot work terribly well, asit treats

all regions equally. Someportionsof color spacewill likely have more variation than others. An ideal

quantizationschemewould re�ect thisbias.

Heckbert[1982] describesanotherquantizationtechnique,known asmediancut. Here,anaxis-aligned

boundingbox is computedaroundall colorsin RGB space.Next, thebox is split in two alongthemedian

color andalonga particularaxis. This splitting repeatsuntil the desirednumberof boxesexist. Finally,

thecolorswithin eachbox areaveragedandimagecolorsreplacedwith thesemeans.This splitting scheme

producesa kd-treein color space.Along a similar path,GervautzandPurgathofer[1990] discussquantizing

RGB spaceusinganoctree.Thesuccessof thesetechniquesis basedon theability to choosethepaletteof

colorsin theoutputimage. For gamutdimensionreduction,theoutputpaletteis �x ed by thenatureof the

problem.Also, color quantizationis a point-wiseprocess.An objective functiondescribingthe“goodness”

of thequantizationonly examinesthedi� erencebetweenan input color andanoutputcolor. However, our
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requirementof contrastpreservationinvolvesa pair-wiseobjective function. Therefore,it would bedi� cult

to useacolorquantizationalgorithmto preserve contrast.

This problemis alsosimilar to thatof digital halftoning[Floyd andSteinberg 1975]. Here,a grayscale

imageis representedasa binary imagewhile attemptingto minimize the visible error. While the goal is

somewhatsimilar, boththeinputandoutputof theproblemaremuchmorerestrictedthanin ourproblem.

Anothersimilarproblemis tonemapping[TumblinandRushmeier1993],whereinahighdynamicrange

imageis reproducedon a low dynamicrangedisplaywhile retainingthesalientfeaturesof the image.This

problemgenerallydealswith reducingtherangeof asinglecolorcomponent(luminance)insteadof reducing

thenumberof colordimensions.

The color to grayscaleproblemcould be categorizedunderthe umbrellaof gamutmapping,for which

thereexists a large body of literature. Here,the goal is to preserve the appearanceof an imagewhenit is

displayedon devicesthat have di� erentcolor gamuts. Stoneet al. [1988] describeseveral principlesthat

shouldbe followed in orderto createa pleasingmapfrom onegamutto another. Therearetwo pointsthat

aredirectly applicableto grayscaleimages.First, thegrayaxisof thesourcegamutshouldbe transformed

so that it alignswith thatof thedestinationgamut. For a color to grayscaletransform,this implies thatwe

shouldmapthegrayaxisof thecolor image(luminance)to gray. Notethatthis is themappinguponwhichwe

aretrying to improve. Thesecondprinciple is that luminancecontrastshouldbemaximized.For grayscale

images,this implies that we shouldnormalizethe rangeover the availablegrayscale.Power et al. [1996]

describea methodfor projectingimagesin threecolor dimensionsinto two color dimensionsin a way that

preservesappearance.Their �rst stepis to maptherangeof luminancefrom thesourceimageto therange

availablein the2-dimensionalgamut.Generalizingthis to athree-to-onereduction,thisresultsin thefamiliar

mappingof luminanceto gray. Stollnitzetal. [1998]examinethecaseof printinganimagewith anarbitrary

numberof inks. For themonotonecase,their solutionis alsoto useluminance.As thechoiceof luminance

for grayscaleis thecauseof ouroriginalproblem,existinggamutmappingstrategiesdonotseemto solvethe

problem.

4.2 DimensionReduction

Therehavebeenanumberof methodsproposedfor thegeneralproblemof displayingahighdimensionalset

of datain lowerdimensions.Ourcolor to grayscaleproblemis suchaprocess.



20

(a)Color image (b) First principalcomponent (c) Secondprincipalcomponent

Figure 4.1: Image principal components:(a) Color original, (b) projectiononto �rst principal component,
and(c) projectionontosecondprincipalcomponent.While (b) capturesthemajorvariation(green- red), it
neglectssmallervariation(e.g.shadingon theleaves).

PrincipalComponentAnalysis[Jolli� e2002],or PCA,is asimplelinearmethodfor dimensionreduction.

Here,asetof n orthogonalvectorsis foundwhich lie in thedirectionsof highestvariationof theoriginaldata

set. Thesearethe eigenvectorsof the covariancematrix found from the n-dimensionaldata. Next, the m

eigenvectorswith thelargestcorrespondingeigenvaluesareusedto form anm-dimensionalspaceontowhich

theoriginaldatacanbeprojected.With thismethod,thedirectionsof largestvariationin theoriginaldataare

alignedwith thebasisvectorsof thespaceontowhich they areprojected.

With PCA, it would bestraightforwardto �nd a vectorwhich,whencolorsareprojectedontoit, empha-

sizesglobal contrast.The �rst principal componentcould be computedandcolors in the imagewould be

projectedontothisvector. Thedistancealongthevectorwouldthenbeequatedwith grayscale.Sincethe�rst

principalcomponentcapturesthemajorvariationin thecolors,onemight expectthis techniqueto preserve

contrastwhenconvertingto grayscale.However, sincePCA ignoresthedirectionswith low variation,small

detailcanbewashedout in favor of largerdetail.An exampleof thiscanbeseenin Figure4.1. The�rst prin-

cipal componentcapturesthemajorcolor variationbetweenthegreenleavesandtheredberries.However,

theshadingin theleavesfallsalongthesecondprincipalcomponent.Further, it is di� cult to incorporateany

sortof constraintson luminanceconsistency.
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MultidimensionalScaling[Cox andCox1994],or MDS, refersto acollectionof techniquesfor reducing

thedimensionalityof adataset.Thesetechniquestakeasinputasetof di� erencesbetweeneachpairof data

points.Then,alowerdimensionalcon�gurationof thepointsis constructedto minimizeanobjectivefunction

that compareslow dimensionaldi� erencesto the original high dimensionaldi� erences.MDS is separated

into two broadcategories,Metric MDS, wherea quantitative di� erenceis known (e.g. Euclideandistance),

andnonmetricMDS, whereonly adi� erenceis given(e.g.Coke tastesbetterthanPepsi).

One traditional methodfor performingmetric MDS is the minimization of a function referredto as

STRESSor raw STRESS[Cox andCox1994].STRESSis de�ned to be

X

i

X

j>i

wi j

�
k~xi � ~x jk � � i j

�2

wherewi j is a weighting,� i j is theknown di� erencebetweenpointsi and j in thehigh dimensionaldataset,

andxi is apoint in thelow dimensionalspace.Thestandardapproachto minimizing this functionis referred

to as “majorization”. With this technique,a function that is an upperboundon STRESSis constructed.

Generally, this boundingfunction is quadraticandconvex andcanbeeasilyminimized. This boundingand

minimizing is iteratedfrom arandominitial con�gurationuntil thesystemconvergesto a localminimum.

In thecasewherewe seekto reduceto a singledimension,thereis a specialcaseof MDS, aptly named

unidimensionalscaling(UDS).Here,STRESStakestheform

X

i

X

j>i

wi j

� ���xi � x j

��� � � i j

�2
(4.1)

wherexn is a point in theunidimensionalcon�guration,i.e. a realnumber. De Leeuw[2004]givesa general

overview of this problem. In general,thesolutionspacefor theunidimensionalSTRESShasanextremely

largenumberof localminimaand�nding aglobalminimumis NP-hard.Theproblemis generallyviewedas

oneof combinatoricsinsteadof continuousoptimization.

Hubertet al. [2002] givesa survey of existing techniquesfor solvingUDS problemswith equalweights

on all terms. Here,STRESSis divided into two subproblems:computinga con�guration of thepointsand

optimizingthedistancesbetweenpoints.Two techniquesperformwell for smalldatasets,wherethenumber

of points is on the order of 10. The �rst of theseis basedon dynamicprogrammingand is capableof

�nding aglobalminimum[HubertandArabie1986].Thesecondsmallscaletechniqueis basedonnonlinear

programming[Lau etal.1998].Anothertechnique,dueto HubertandArabie[1986],iteratesbetween�nding
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a permutationof thepointsusinga techniqueknown asquadraticassignment[Lawler 1975]andoptimizing

the separationsof the points. The �nal techniquediscussedby Hubertet al. [2002] begins asan iterative

techniquetakingtheform

xt+1
i =

1
n

X

j

� i j sign
�
xt

i � xt
j

�
(4.2)

Guttman[1968] hasshown that this techniqueconvergesto a local minimum. Pliner[1996] shows how this

methodcanbeimprovedby aheuristicthatreplacesthesign(y) functionwith

sign(y) =

8
>>>><
>>>>:

y
�

�
2 � jyj

�

�
jyj � �

sign(y) jyj > �
(4.3)

Theparameter� controlsthe“scaling” of thesolutionspace.Imaging“zoomingout” on thesolutionspace

of STRESS.From a distance,the small scale“bumps” of local minima aresmoothedout. Examiningthis

smoothedversionof thesolutionspaceallows theiterationsto avoid becomingtrappedprematurelyin local

minima. Initially, � is chosento be fairly large, to smoothover local minima. After iteratingEquation4.2

to convergence,� is reducedandthe processiteratesfor somenumberof cycles. In practice,this heuristic

reportedlyworkswell in �nding globalminimafor STRESS.

Locally linear embedding[Rowels and Saul 2000], or LLE, takes a slightly di� erentapproachto di-

mensionreduction.This methodassumesthat the high dimensionaldatais drawn from somecomplex but

smoothlyvarying function. Eachhigh dimensionalpoint hasa neighborhoodassociatedwith it, andeach

point is assumedto be a linear combinationof its neighbors.Neighborweightsarethenusedto compute

a low dimensionalcon�guration of the datathat preserves the relationshipbetweena given point and its

neighbors.

LLE hasdi� cultiessimilar to othermethodswith regardto handlingluminanceconsistency. It is unclear

how this couldbe incorporatedinto themethod.Further, thereis the issueof neighborhoodsize. Sauland

Roweis [2003] show that thechoiceof a neighborhoodsizeis crucial for obtainingmeaningfulresults.We

would like to constructa transformationthatis parameter-freeanddoesnot requiresigni�cant trial anderror.

ISOMAP [Tenenbaumet al. 2000] is anotherpopular techniquethat is similar to LLE. This method

computesa neighborhoodaroundeachhigh dimensionalpoint. However, ISOMAP usestheneighborhood

informationto constructa weightedgraphthatapproximatesthecomplex structureof thehigh dimensional

data. In this graph, the verticesare the high dimensionaldatapoints while the edgesare the Euclidean

distancesamongthe points. Next, betweeneachpair of points,the shortestpathalongthe weightedgraph
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of neighborsis computed.Finally, thesedistancesareusedin conjunctionwith traditionalmetric MDS to

constructa low dimensionalcon�gurationof thepoints.

ISOMAP sharesthedisadvantageof theneighborhoodproblemwith LLE. This doesnot seemto bean

optimalstrategy for reducingcolor imagesto grayscale.

Semide�niteembedding[WeinbergerandSaul2004] is a descendantof LLE. Here,a constrainedopti-

mizationfunctionis solved. Speci�cally, thesumof squareddi� erencesbetweenall pairsof pointsis maxi-

mized,subjectto maintainingtheneighborhoodstructureaswith LLE. Unfortunately, thismethodsharesthe

samelocal view of thedatathatLLE takes.

4.3 ImageFusion

In thedomainsof medicalimagingor remotesensing,multiplehigh-dimensionalimagesfrom asinglesource

areoftenobtained,e.g.,a CT scanandanMRI scanof thesameregion of a patient.Thegoalof imagefu-

sion is to createa singleimagethat capturesthe salientfeaturesof the entireoriginal datasetandthereby

allows visualizationof datacorrelations.Therehave beenseveralmethodsproposedfor imagefusion. They

includePCA [Schmiedlet al. 1987], linearcombinationsof thedatathatmaximizecontrastobjective func-

tions[HarikumarandBresler1996],analysisusingwavelets[Mitra etal. 1995],andneuralnetwork schemes

with self-organizingmaps[Manduca1996]. Luminanceconsistency is not typically a goalof imagefusion

methods,andsothesemethodsarenoteasilyconstrained.

Socolinsky [2000] andSocolinsky andWol� [2002] �rst �nd the local contrastin thehigh dimensional

spaceandthenconstructa grayscaleimageconformingto this local contrastby solvinga Poissonequation.

They avoid introducingglobal contrastfor speci�c reasons.First, they claim that any methodwith global

contrastwill producedi� erentresultswhendi� erentsubimagesareintroduced.While this is true, it is not

necessarilya strike againstglobal methods.Whenexamininga subimage,the userpresumablywishesto

seeall the detail in the restrictedregion. If we canproducea betterresult,by examiningonly the contrast

in the region, we shouldstrive to do so. If the usertruly wishesresultsto remainthe samewhendi� erent

subimagesareintroduced,theglobalmethodcancollectstatisticsover thesameregion, regardlessof which

subimageis reconstructed.In this manner, a methodwith globalcontrastseemsto bemore�e xible thanone

with local contrast,and the di� erencesare implementationissues.The authors'otherobjectionto global

contrastmethodsdealswith animation. If eachframe is consideredindependently, a global methodwill

produceannoying changesin grayacrossmultiple frames.This again,seemsto beanimplementationissue.
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The gray valuesfrom the previous framecanbe constrainedin the currentframeto avoid this issue,while

still addingin contrastingnew colors. In [Socolinsky andWol� 2002],theauthorsadmit that local contrast

methodshave troublewith certainclassesof images,asdemonstratedin Figure3.3.

ImageprocessingusingPoissonequationshasgainedpopularitysincethework of Socolinsky andWol� .

Fattal et al. [2002] computegradientsof high dynamicrangeimages. They manipulatethe gradientsto

enhancemagnitudesandthensolveaPoissonequationto recovera tone-mapped,low dynamicrangeimage.

Pérezetal. [2003]describeseveralproceduresfor manipulatinggradientsin images.Theirmainapplication

is seamlesslycopying portionsof oneimageonto anotherthroughgradientmanipulation.They alsosolve

a Poissonequationto recover the �nal image. Raskaret al. [2004] describea gradient-basedmethodfor

combiningmultiple exposuresof scenesover long periodsof time. Agrawal et al. [2005] discussremoving

re�ectionsfrom photographscausedby camera�ashes.

4.4 Photography

Photographersoftenencounterdi� cultieswhentrying to recordcolor imageson monochromatic�lm. The

usualapproachis to usea “contrast�lter” over thelenswhenthephotographis taken[Adams1981]. These

�lters comein a varietyof hues,eachservingto attenuatethecomplementaryhueof the�lter . For example,

to increasethecontrastbetweencloudsandthesky, a yellow contrast�lter is oftenused.This attenuatesthe

bluesky, leadingto light cloudsonadarkbackground.In general,thechoiceof �lter hueis left to theeyeof

theartist.

4.5 Color to Grayscalefor BusinessGraphics

Somee� ort hasbeendevotedto theconversionof “businessgraphics”from color to grayscale.This class

of images,asopposedto “pictorial graphics”(e.g. photographs),is commonlymadeup of chartsor graphs

with largeswatchesof constantcolor. Often,thecollectionof colorshasa wide variationin hue,but limited

variationin luminance.Generally, thereareon theorderof 10colorsin theseimages.

Several attemptshave beenmadeto usetexture to representcolor in suchimages. Harrington[1992]

describesa methodusing a halftonescreenwith di� erentportionsdedicatedto the red, green,and blue

channelsof thecoloredimage.Roetling[1981]describesasimilar technique,for usein creating�lm images

of digital images. Harrington[1997] hasdonesimilar work with embeddingpatternsin color imagesso
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(a) (b) (c)

Figure 4.2: Pinningof colors: Whengrayvaluesarerestrictedto bein L� order, they canbecome“pinned”
andit is notpossibleto separatetheby hue.Thiscanbeseenin (b). If therestrictionsontheorderarerelaxed,
hueseparationcanbeachieved,asseenin (c).

that they appearwhenreproducedwith a blackandwhite copier. While this maybeusefulfor largeblocks

of constantcolor, it is not likely to producesatisfactoryresultswith photographs,which do not have large

regionsto texture.

BalaandBraun[2004] describetwo simpleproceduresfor transformingbusinessgraphicsto grayscale.

In their �rst method,thecolorsin theimageareequallydistributedalongthelightnessaxis(theL� component

of CIE LAB color space)betweenthe black andwhite pointsof the displaydevice. The orderof the gray

valuesis the sameas the orderingof the lightnessvaluesof the original colors. Their secondmethodis

similar, but it involvesweightingthegraydi� erencesbasedonthecoloredimages.Here,theoutputlightness

is foundto be

L�
j;out =

8
>>>>>><
>>>>>>:

L�
min j = 1

L�
min + (L�

max � L�
min)

P j
i=2 � Ei;i� 1P n
i=2 � Ei;i� 1

2 � j � n

wereL�
j;out is the output lightness,� Ei;i� 1 = k~ci � ~ci� 1k is the Euclideandistancein CIE LAB color space

betweencolors~ci and~ci� 1, and n is the numberof colors in the image. Although the authorsshow this

techniqueoutperformsmappingL� to gray, it seemsto have de�ciencieswhenappliedto pictorial images.

First,asthenumberof colorsincreases,theconstraintof lightnessorderingwill forcethemappingtoconverge

to the L� mapping.Also, constrainingtheoutputgrayorderto be thatof the input L� ordercancausegray

valuesto be “pinned” into lessthandesirablespaces.This is illustratedin Figure4.2. Here,the lightness

of the dark red in Figure4.2(a)is lessthanthat of the dark green,andthe lightnessof the light red is less

thanthatof thelight green.If we forcethegrayvaluesto bein lightnessorderandequallyspaced,wegetan

imagesimilar to Figure4.2(b). Thelightnessorderis darkred,darkgreen,light red,andlight green.If there

is a relationshipwithin hues,e.g. a gradient,therewill besomeconfusionasthehuegroupingis disrupted.

If we insteadlet thegrayordervary freely, animagesuchasFigure4.2(c)canbeproducedwhich preserves

thehuegrouping.
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4.6 Color to Grayscalefor General Images

Concurrentwith our work [Rascheet al. 2005a;2005b],Goochet al. [2005] have examinedtheproblemof

grayscaleconversionfor generalimages.In their method,they performa minimizationover a local neigh-

borhoodateachpixel
X

i

NX

j

�
G(i) � G( j) � � (i; j)

�2 (4.4)

wherei is a pixel in the image, j is a pixel in a neighborhoodN aroundi, G(i) is the gray valueat pixel i,

and� (i; j) is a mappingof thedi� erencesin luminanceandchrominancebetweenthepixelsat i and j to a

signedgray di� erence.To control the orderingof gray values,a unit chrominancevector,
��!
CW, is de�ned.

Thisvectorgovernswhichhuesaremappedto lightergrayvaluesthanothers.Themotivationfor thischoice

is theobservationthatsomecolors,e.g. yellow, areconsidered“warmer”or “lighter” thanothercolors,e.g.

blue.They provideaheuristicfor computing
��!
CW or allow for userspeci�cation.

4.7 Re-coloring Imagesfor Color De�cient Viewers

Signi�cant work hasbeendonein simulatingcolor de�cient vision [Meyer and Greenberg 1988; Kondo

1990;Brettelet al. 1997]. With thesesimulations,colorsaretransformedinto a color spacebasedon cone

response.From this, a conede�ciency canbe simulatedby modifying the responseof the de�cient cone.

Meyer andGreenberg [1988] �nd lines of “confusedcolors” by intersectinglines of chrominance.Kondo

[1990] usesa seriesof linear transformsgovernedby a parameterspecifyingthe degreeof de�ciency in

particularcomponent.Brettelet al. [1997] projectcolorsin theconeresponsespaceontoa pair of planes,

representingthegamutof thede�cient viewer.

With theability to simulatecolor de�cient vision, it becomespossibleto re-colorimagesin sucha way

that confuseddetail is restoredfor color de�cient observers. Reinhardet al. [2001] describea strategy for

matchingcolor statisticsbetweentwo images,andthentransferringthecolor distribution from oneimageto

another. While this couldbeusefulfor compressinga full color imageinto a color de�cient gamut,it does

notattemptto preserve theperceiveddistancebetweencontrastingcolorsin theoriginal image.

WalravenandAlferdinck [1997]discussthecreationof acolorpaletteeditorcoupledwith acolorde�cient

viewer simulation. Palettecolorswhosecorrespondingcolorsin the de�cient viewer simulationarecloser

thansomethresholddistancearemarkedaspotentiallyindistinguishable.Theusercanthenselecta new set

of distinguishablecolors.No attemptat correctingindistinguishablecolorsis made.
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Daltonize(http://www.vischeck.com/daltonize)is a procedurefor re-coloringan imagefor viewing by

a color de�cient viewer. Here, a userspeci�es parametersfor stretchingcontrastbetweenred and green

hues,aswell asparametersfor modulatingblueandyellow huecontrastandluminance.A simulationof a

deuteranopicobserver is providedfor evaluatingtheoutputimage.Theprocessof parameterselectionis not

automated,althoughthoughsomedefaultchoicesfor parametersaregiven.Thequalityof theresultis highly

dependentuponthechoicesfor parameters.

Ichikawa et al. [2003;2004]proposeanautomaticmethodfor re-coloringimages.A smallsubsetof the

colorsin animageis chosen.Next, ageneticalgorithmis usedto minimizeanobjectivefunctionthatattempts

to maintaindi� erencesbetweenthepairsof colorsandrestrictthedistancethecolorsareremappedin color

space.Theresultis theninterpolatedacrosstheentireimage.In this process,thereis not any consideration

of constraintson luminanceconsistency or availablegamut. The processalsohasnumerousparametersto

adjustto controltheoutputimage.

In [Rascheetal.2005a],wediscussanautomaticmethodfor grayscaleconversionandre-coloringimages.

Weproposeusingasubsetof theimagecolorsto �nd alineartransformthatminimizestheobjectivefunction.

For the grayscalecase,the transformationinvolvesprojectingthe colorsonto a singlevector. For the re-

coloringcase,thetransforminvolvesa 4-D, homogeneoustransformof thecolors. As this methodinvolves

lineartransformations,it hastroublewith imagescontainingvariationalongmultiplecolordimensions.Also,

becausetherearenot any constraintson luminanceconsistency, nonsensicalimagescanbeproduced.In the

caseof re-coloringimagefor color de�cient viewers,transformedcolorsarenot constrainedto theavailable

gamut.An updatedversionof thiswork will form thebodyof Chapter6.

In [Rascheet al. 2005b],we discussde�cienciesin the previous, linear method[Rascheet al. 2005a].

We introducea nonlinearmethodfor convertingcolor to grayscale,andwe extendthetechniqueto re-color

images.Thiswill bediscussedfurtherin Chapter7.

We shouldnotethat, in our work, we have assumedthat the“confusedcolors” of Meyer andGreenberg

[1988] andBrettelet al. [1997] remainperceptuallyuniform in CIE LAB space.This maynot beaccurate,

giventhattheuniformity of CIE LAB wasderivedfrom non-colorde�cient observations.Additional studies

of colorde�cient observersareprobablywarranted.



Chapter 5

ConstantProportions for Detail Preservation

5.1 A Re-coloringEquation

It is naturalto createagrayscaleimageby minimizingsomeobjective functionof themappingfrom color to

gray. Exactlyhow to craftsucha functioncouldbea largepointof contention,with variousstrategieshaving

varyingdegreesof success.Onegeneralstrategy to convertacolor imageto grayscalewouldbeto minimize

anobjective of theform
X

i2A

X

j2B

h�
gi � g j

�
� f (~ci ;~c j)

i 2
(5.1)

Here,thesetA includesall colorsor pixels in theimage,thesetB is somesubsetof A (perhapsall of A), gi

is thegrayvaluecorrespondingto color~ci , and f (~ci ;~c j) is somefunctionof thedi� erencebetweencolors~ci

and~c j . Fromthis basicform, thereareseveralwaysof proceedingto a speci�c objective. Somedecisionsto

bemadeinclude:

ˆ Whatis thede�nition of B?

ˆ ShouldA containall colorsor all pixels?

ˆ Whatis thede�nition of of f ()?

Global vs. local comparisons:Themeritsof comparingcolorslocally (B is someneighborhoodaround

i) or globally(B = A) havebeentoucheduponin Chapter3. Ontheonehand,if weuseaglobalcomparisonof

colors,we will not have to worry about“missing” nearbycolorsdueto a poorchoiceof local neighborhood.

On theotherhand,useof globalcomparisonswill leadto adenseproblem,whichwill not likely scalewell.

Comparing pixels or colors: Herewe canchooseto iterateover all pixels in an image,or all distinct

colorsin the image.Thechoicemaybe tightly coupledwith thechoiceof a globalor local comparison.It

maybedi� cult to comparedistinctcolorswheneachpixel is consideredwith respectto alocalneighborhood.

Thischoicecomesdown to oneof weighting.If we iterateoverpixels,errorassociatedwith colorsappearing

with low frequency in theimagewill beweightedlessthanerrorassociatedwith colorsappearingfrequently.

It is not clearwhetherthisproducesoptimalresults,or if distinctcolorsshouldbeweightedmoreequally.
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De�nition of the di� erencefunction, f (): Althoughstandardde�nitions of color di� erencesareavail-

able,a reasonablede�nition of f () mayrequiremorethana selectionof somestandarddi� erencefunction.

The rangesof the variousaxesin CIE LAB color spacearenot equal. While the rangeover the L� axis is

typically [0; 100],rangesonthea� andb� axescanbeontheorderof severalhundredunits. If thegrayvalues

recoveredfrom minimizing Equation5.1 lay alongtheL� axis,a largeabsolutecolor di� erencecouldresult

in grayvaluesoutsideof thestandardL� range.Onesolutionto this wouldbeto introducesomerescalingof

theabsolutedi� erencein anattemptto staywithin theavailableoutputrange.Anothersolutionwould beto

userelative di� erences.Here,thetargetgraydi� erencewould bea normalizedcolor di� erence.This would

helpmaintainthedesiredoutputrangewithout introducingarbitraryrescaling.Usingrelativedi� erenceshas

theaddedadvantageof guaranteeingthattheresultswill remainwithin theavailabledynamicrange.Another

importantdecisionis whetherf () shouldbeprovideunsigneddi� erences(e.g.Euclideandistance)or signed

di� erences.Theimplicationsareratherimportant.If we chooseanunsigneddi� erencefunction,thedi� er-

ence(gi � g j) mustalsobeunsigned.Thisintroducesanabsolutevalueto Equation5.1, makingit signi�cantly

moredi� cult to solve. If, instead,we choosea signeddi� erencefunction,Equation5.1 remainsquadratic.

However, a mechanismfor determininga total orderingof grayvaluesis needed.Craftingsuchanordering,

especiallyautomatically, maynotbestraightforward.

5.2 ConstantProportions

In orderto createa usefulcolor to grayscaletransform,we proposeusinga dimensionreductiontechnique

thatguaranteesluminanceconsistency while maximizingglobalcontrast.To begin, we identify then unique

colorsin the image.Thegoalwill be to mapeachof thesen colorsto a grayvalue. Dueto quantizationof

the grayscaleimage,distinct colorsin the original imagemay mapto the samegray. This ensuresthat the

samecolor will alwaysmapto thesamegrayvalue. For eachpair of colors,~ci and~c j , andtheir associated

gray values,gi andg j (yet to be determined),we would like to have the perceptualdi� erenceof the color

pair beequalto theperceptualdi� erenceof thegraypair. If ourcolorsarespeci�edin CIE LAB space,their

perceptualdi� erenceis simply Euclideandistance,k~ci � ~c jk. Similarly, if we representgray valuesalong

theL� axisof CIE LAB space,theperceptualdi� erenceof thegraypair is jgi � g j j. At this point, we could

attemptto minimize
nX

i

nX

j>i

�
k~ci � ~c jk � jgi � g j j

�2
(5.2)
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over theavailablegrayvalues.While this is a goodstart,it su� ersfrom a di� erencein scalesbetweencolor

di� erencesand gray di� erences.If gray di� erencesare measuredalong the L� axis, the maximumgray

di� erenceis betweenthe white andblack points,a magnitudeof 100 units. However, it is possibleto �nd

pairsof colorsin CIE LAB spacethathaveEuclideandistancesgreaterthan100units.To avoid thisproblem,

we caninsteadnormalizetheperceptualdi� erencessothatthey will �t within thegrayrange.This leadsus

to seekgrayvalueswith theproperty ���gi � g j

���

gmax
=




~ci � ~c j






cmax

wherecmax is the maximumcolor di� erencebetweenany pair of colors, and gmax is the maximumgray

di� erence.Theright handsideof thisequationis constant,sowecande�ne

� i j = gmax




 ~ci � ~c j






cmax
(5.3)

andcreateanobjective functionby summingthesquareddi� erences,

� 2 =
X

i

X

j>i

� ���gi � g j

��� � � i j

�2
(5.4)

However, Equation5.4is biasedtowarddi� erencesinvolving largevaluesof � i j . If wetry to minimizeit in its

currentform, theoptimizationwill likely wipe out smalldi� erencesbetweencolorsin favor of maintaining

large di� erences. This meansthat gradientswill be compressedto a constantcolor, destroying shading

informationandleadingto imagesthatappearto bevery �at. Instead,if we normalizeeachtermin thesum

by 1
� 2

i j
, eachtermwill beweightedequally. At thispoint, thefunctionwewish to minimizeis

� 2 =
X

i

X

j>i

1
� 2

i j

� ���gi � g j

��� � � i j

�2
(5.5)

Noticethatour objective functionin Equation5.5 takesthesameform astheunidimensionalSTRESSfunc-

tion in Equation4.1.

In termsof (5.1), we have a globalcomparisonover all colorsin theimage.We have avoidedcomparing

over all pixels(which couldbedoneby addinganappropriateweighting),becausesituationscanbecrafted

whereanimagehasinfrequentlyoccurringcolorswith highcolorcontrast.Evenwith smallpatchesof color,

thecontrastwill make theseregionshighly visible. We have alsochosenanunsignedobjective function,as

choosingan orderingof gray valuesbeforehandwill directly impactthe resultinggray contrastandlumi-
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nanceconsistency. To attemptto staywithin whatever rangeis availablefor output,we have chosenrelative

di� erencesoverarescalingof di� erences.Finally, ourcolordi� erencefunctionis verysimple.Disregarding

therelative nature,it is Euclideandistance.

5.3 An ExampleGrayscaleConversion

To demonstratethe valueof this objective function, we will work througha small example. Consideran

imagewith threedistinctcolors,of equalluminance.This smallsystem,while not very realistic,will allow

usto investigateEquation5.5withouthaving to worry aboutconstraintsonluminanceorder. Thethreecolors,

~c0;~c1; and~c2 areshown in aprojectionalongtheL� axisof CIE LAB spacein Figure5.1Thecolordi� erences

canbearrangedasa symmetricmatrix with zeroalongthediagonal,alsoshown in Figure5.1. To �nd the

grayvalues,weneedto minimizethefunction

1
� 2

10

(jg1 � g0j � � 10)2 +
1

� 2
20

(jg2 � g0j � � 20)2 +
1

� 2
21

(jg2 � g1j � � 21)2

Unfortunately, evenwith this simpleexample,we cannotsolve theproblemanalyticallyin this form. There

aretwo problemsto beovercome.First,any solution(g0; g1; g2) canbetranslatedby a �x edamountin each

componentandstill producethesamevaluefrom theobjective function. To pin down theproblem,we will

chooseonegrayvalueto bezero.Thechoiceis somewhatarbitrary, andsowewill pick g0 = 0. This reduces

ourproblemto selectingg1 andg2 to minimize

1
� 2

10

(jg1j � � 10)2 +
1

� 2
20

(jg2j � � 20)2 +
1

� 2
21

(jg2 � g1j � � 21)2

Theremainingproblemlies with theabsolutevaluesin our objective function. If we knew theorderof the

grayvalues,theobjective functionwould reduceto a quadraticfunction.However, specifyingthegrayorder

canlock usinto “pinning” thecolors,asdiscussedin Section4.5. For thisexample,wecanusesomeintuition

aboutthegeometry. Moregeneralsolutionswill bediscussedin Chapters6 and7.

Wecanseethatthelargestcolordi� erence(cmax = 40) is between~c0 and~c2. It thusseemsreasonablethat

the largestgraydi� erence(gmax) shouldbebetweeng0 andg2. Fromthis, we concludethat thegrayorder

shouldbeg0 � g1 � g2. This eliminatestheabsolutevalues,andour problembecomes�nding theminimum
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of
1

� 2
10

(g1 � � 10)2 +
1

� 2
20

(g2 � � 20)2 +
1

� 2
21

(g2 � g1 � � 21)2

We next needto computethe � values.For this, we needto know maximumgray range,gmax. This seems

a bit counter-intuitive at �rst, sincewe aresolving for thegrayvaluesandcannotpossiblyknow the range

beforehand! However, we aredealingwith normalizeddi� erences.The gray valuesdo not setthe range,

ratherthegrayrangesetsthevalues.Therefore,we arefree to specifytherangeto bewhatever happensto

beconvenient(e.g. [0; 1] ; [0; 255] ; :::). For our purposes,we will choosegmax = 1. With this range,� i j is

simply thenormalizedcolordi� erencebetweencolorsi and j. For ourexample,thevaluesare� 10 = � 21 = 1
2,

and� 20 = 1.

While we couldsolve our exampleat this point, it canbesimpli�ed further. Sincewe have chosenthe

gray rangeto be1 andhave assumedthat the largestgraydi� erencewill bebetweeng0 andg2, we canset

g2 = 1. This reducesourproblemto minimizing

1
� 2

10

(g1 � � 10)2 +
1

� 2
20

(1 � � 20)2 +
1

� 2
21

(1 � g1 � � 21)2

which is aquadraticfunctionof g1. Expanding,wehave
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Thesolutionof our examplefor (g0; g1; g2) is (0; 1
2; 1). If we wereto projectthecolorsby hand,without an

objective function,wewould likely arrangethemin asimilarmanner.
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~c0 ~c1 ~c2

~c0 - 20 20
~c1 20 - 40
~c2 20 40 -

Figure5.1: Examplecolor con�gurationto illustratesolvingourobjective function.

5.4 ConstantProportions For ImageRe-coloring

Now, considerthecaseof re-coloringimagesfor colorde�cient viewers.Here,wehavethesamesetof image

colors,~c0;~c1; :::;~cn, andanew setof colors, ~d0; ~d1; :::; ~dn, obtainedby applyinga transformationfollowedby

asimulationof thecolorde�ciency, wherethesimulationis derivedfrom oneof variousmethods[Meyerand

Greenberg 1988;Kondo1990;Brettelet al. 1997]. Unlike thecaseof transformingcolor to grayscale,here

~di remainsapoint in threedimensionalcolor space.If weagainapplythemetricof constantproportions,we

areattemptingto �nd asetof colors,~di , thatminimizes

X

i

X

j>i

1
� 2

i j

� 



 ~di � ~d j





 � � i j

� 2
(5.6)

where

� i j = dmax




 ~ci � ~c j






cmax
(5.7)

Expression5.6 takes the sameform as (5.5), but herewe are seekinga solution in a higher dimensional

space,typically thetwo-dimensionalsubspaceof color spacethatis availableto observerswith thespeci�ed

de�ciency. Sinceour solutionspansseveraldimensions,thede�nition of dmax is not asstraightforwardasin

thegrayscalecase.

The next two chapterswill discusstechniquesfor minimizing expressions(5.5) and (5.6), as well as

methodsfor choosingdmax. We will alsodiscusshow thesetechniquescanbemodi�ed to produceimages

thatdonotviolateluminanceconsistency.



Chapter 6

A Linear Solution of ConstantProportions

Theproceduresin this chapterareessentiallythosefrom our paper, “Detail PreservingReproductionof

Color Imagesfor MonochromatsandDichromats”[Rascheetal. 2005a].

6.1 Gray Vector Projection

In Chapter5, we discussedthe developmentof an objective function to describehow well visual detail is

preserved. If wewish to convert acolor imageto grayscale,weshouldpick grayvalues,gi , thatminimize

nX

i

nX

j>i

1
� 2

i j

� ���gi � g j

��� � � i j

�2
(6.1)

Unfortunately, Expression6.1is di� cult to minimizeanalytically, dueto theabsolutevalueterms.If wewant

to minimize(6.1) in a reasonableamountof time,for largevaluesof n, wewill have to restrictit to asimpler

form.

Perhapsthe simplesttechniqueis to usea linear solution. Graphically, we can think of the standard

luminancemappingasa projectionof colorsonto singlea vector. This vector just happensto point along

thedirectionof luminance.Insteadof choosingthe luminancevector, we canchoosea vectorwhich, when

colorsareprojectedonto it, minimizes(6.1). This is illustratedin Figure 6.1. The left imageshows the

projectionof greenandyellow colorsontothestandardvectorrepresentingluminance.Both colors,despite

having di� eringhues,projectto thesamepoint on the“gray vector”. If, instead,we choosea di� erent“gray

vector”,asshown in theright image,two distinctgrayvalueswill result.

Selectinga singlevectoronto which to projectcolors to �nd gray valueshasan additionaladvantage.

Expression6.1 is de�ned asa doublesumover all distinctcolorsin theimage.For anarbitraryimage,there

maybehundredsof thousandsof colors,or more.It is oftenimpracticalto dealwith all colorsin theimage.

If wechoosearepresentativesubsetof thecolorsandusethoseto selectthevector, wecansimplyprojectthe

original largesetof colorsto obtaintheir grayvalues.

Onedisadvantageof this approachis that it is di� cult to incorporateconstraintsfor luminanceconsis-

tency. Theeasiestway to picturehow to enforcetheseconstraintsis to think backto thecaseof photography.
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Luminance

Red

Green

Red

Green

Figure6.1: Conversionto grayscaleusinganarbitrary vector: If weprojectalonga�x edvectorrepresenting
luminance(left), two colorscanbemappedto thesamegrayvalue. If, instead,we pick a di� erentvector, a
mappingcanbeconstructedthatpreservesthedi� erencesin appearances.

Photographersroutinely usecolored�lters andnever have to worry aboutreversinggradients.In termsof

RGBspace,acolored�lter over thelensof acamerais equivalentto a �ltering of theimagecolorwith com-

ponentsin therange[0;1]. Physical�lters cannotremovemorelight thanis present,sonegativecomponents

arenot a problem.Similarly, physical �lters cannotaddlight, socomponentsgreaterthan1 areavoided. In

termsof the selected“gray vector”, we shouldavoid componentsof the vector, in RGB space,which fall

outsidetherange[0;1].

Another disadvantageof this linear model is that it may not be su� ciently �e xible to captureall the

variationof color in a given image. The chosengray vectorwill only be able to convey variation in one

directionthroughcolor space.Thisde�ciency is themotivationfor thetechniquedevelopedin Chapter7.

6.2 Solving the GrayscaleProblem

To this point,we have describedthis linearmethodin termsof grayscale.We needto �nd someunit vector,

with componentsin therange[0;1] in RGBspace,thatminimizes(6.1).

As describedin Section5.2, our fundamentalpremisedictatesthattheperceivedcolordi� erencebetween

any pair of colorsshouldbeproportionalto their perceivedgraydi� erence.In formal terms,for eachpair of

colors,~ci and~c j , wewish to satisfy
k~ci � ~c jk

cmax
=

kT(~ci) � T(~c j)k
Tmax

(6.2)

whereT(~x) is thegrayscalemappingfunction,cmax is themaximumdistancebetweenany pair of colorsin
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theimage,andTmax is themaximumdistancebetweenany pairof transformedcolors.Wecanrewrite this in

thesameform as(6.1). De�ne :

� i j = Tmax
k~ci � ~c jk

cmax

A measureof theglobalerrorof thetransformationis then

� 2 =
X

i

X

j=i+1

1
� 2

i j

�
kT(~ci) � T(~c j)k � � i j

�2
(6.3)

For transformationto grayscale,we restrictourattentionto lineartransformations,T, within CIE LAB color

space,in which caseT(~c) = (~g � ~c;0;0), where~g is thegrayunit vectorto bedetermined.Equation(6.3) is

then:

� 2(~g) =
X

i

X

j=i+1

1
� 2

i j

�
k(~g � (~ci � ~c j); 0; 0)k � � i j

�2

=
X

i

X

j=i+1

1
� 2

i j

�
j~g � (~ci � ~c j)j � � i j

�2
(6.4)

We begin by color quantizingthe imageto somesmall numberof colors. For our tests,we usedon

theorderof 100colors. While morecomplex color quantizationschemescouldbeused,we choseto usea

uniformquantizationfor simplicity.

Next, wewantto �nd thegrayunit vector, ~g, in CIE LAB space.Thisgivesustwo dimensionsoverwhich

to search.WeusedaFletcher-Reevesconjugategradientsearch[Pressetal.1992],describedin Section6.2.2.

Thisproceduregivesusa localminimumfrom any initial position.Sincethenumberof dimensionsis small,

wecoarselysampledthesolutionspacefor initial positionsandperformedmultiplesearches.

To evaluateExpression6.1, we let eachgi = T(~ci) rangeover [0;1]. As a result,we chosegmax = Tmax

to have a valueof 1. We found that the CIE94 color di� erence[CIE 1995] performedbetterthat simply

usingEuclideandistancein CIE LAB spaceto computeeach� i j . Minima correspondingto invalid RGB

componentswereignored.

6.2.1 E� ectsof Color Quantization

SincewedonotminimizeExpression6.1usingall colorsin theinput image,thequestionarisesasto whether

thecolor quantizationtechniquewill signi�cantly a� ect theoutcome.In practice,we have foundthata few

hundredcolorsaresu� cient to capturethe color variation. Figure6.2 shows an exampleof the e� ectsof
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77 155 284

759 1494 2503

Figure 6.2: E� ectsof Color Quantization:A color image,convertedto grayscalewith our lineartechnique,
usingvariousnumbersof colorsto computethegrayvector. Usingmorethana few hundredcolorsproduces
novisibledi� erence.

color quantization.For our tests,we have useda simpleuniform quantization.We arenot concernedwith

thevisualartifactsproducedby thechoiceof quantizationtechnique.We areonly concernedwith �nding a

representative clusterfor eachof thecolors. With fewer thana hundredcolors,a slightly less-than-optimal

(at leastvisually) solutionis oftenfound.However, usingmorethanseveralhundredcolorstendsto produce

novisiblebene�ts.

6.2.2 Nonlinear Minimization

Therearea varietyof numericaltechniquesfor minimizing arbitraryfunctions.Considera onedimensional

function, f (x), which is at leasttwice-di� erentiable. The most well-known techniquefor �nding a local

minimumof f is probablyNewton'sMethod. It beginsatsomespeci�edstartingpoint, x0. Next, thefunction

is approximatedby a line intersectingf at x0

f (x) � f (x0) + f 0(x0)(x � x0)
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Takingthederivative of bothsides,wehave

f 0(x) � f 0(x0) + f 00(x0)(x � x0)

To �nd thevalueof x attheminimum,considerthepreviousexpressionataminimumvalue(when f 0(x) = 0):

0 � f 0(x0) + f 00(x0)(x � x0)

x � x0 �
f 0(x0)
f 00(x0)

For twicedi� erentiablefunctions,wecaniteratethisprocessfrom agiveninitial point, x0:

xi+1 = xi �
f 0(xi)
f 00(xi)

; i = 0;1;2; :::

until j f 0(x)j becomessu� ciently small.This techniqueis straightforwardto extendto multipledimensions:

xi+1 = xi �
�
r 2 f (xi)

� � 1
r f (xi); i = 0;1;2; :::

Here,r f (x) = (@f =@x0;@f =@x1; :::;@f =@xn)t is thegradientvector, andr 2 f (x) is theHessianMatrix:

r 2 f (x) =

2
6666666666666666666666666664

@2 f
@x2

0

@2 f
@x0x1

::: @2 f
@x0xn

@2 f
@x1x0

@2 f
@x2

1
::: @2 f

@x1xn

:::
:::

:::
:::

@2 f
@xnx0

@2 f
@xnx1

::: @2 f
@x2

n

3
7777777777777777777777777775

Therearetwo maindisadvantagesto Newton's Method.First, thereis therequirementto computeandinvert

theHessian.As thenumberof dimensionsincreases,thiscanbecomecomputationallyexpensive. Also, there

is noguaranteethatsuccessive valuesof xi yield decreasingvaluesof f .

Motivatedby thelatterstrikeagainstNewton'sMethod,anothersimplestrategy for minimizingfunctions

canbe adopted,which tracesbackto Cauchy. To avoid increasingvaluesof f (xi), this techniquemarches

down the gradientof the function. This way, f (xi+1) � f (xi). Additionally, no Hessianis required. The

iterationproceedsfrom aninitial point, x0:

xi+1 = xi � � ir f (xi); i = 0;1; :::
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where� i is thestepsizein thedirectionof thegradient.Here,thesuperscripton � indicatesthat � changes

on eachiteration,not thatit shouldbeexponentiated.As we wish to make asmuchprogressaspossible,the

stepsizeis chosento minimizetheone-dimensionalfunction:

g(� i) = f (xi � � ir f (xi))

This techniqueis known assteepestdescentasit proceedsin thedirectionof greatestchangein f (thegradi-

ent). Thee� ectivenessof this techniqueis dependenton how well the trueshortestpathbetweenthe initial

point anda minimum correspondsto the pathtraversedby successive stepsalongthe gradient. Whenthe

correspondenceis poor, the steepestdescentcan requirea large numberof steps. To addressthis point,

conjugate-gradient techniqueshave beendeveloped. Onesuchstrategy is the Fletcher-Reevesconjugate-

gradientmethod.Here,aswith all conjugate-gradienttechniques,aniterative sequenceof directionsis used

insteadof alwaysusingthegradient.Fletcher-Reeveschoosesa new direction,di , basedon theinitial direc-

tion d0 = r f (x0), andtheiteration:

di+1 = �r f (xi) +
r f (xi)tr f (xi)

r f (xi� 1)tr f (xi� 1)
di� 1; i = 1;2; :::;n � 2

Theiterationto �nd subsequentvaluesof x looksverysimilar to steepestdescent,

xi+1 = xi + � idi

where� i minimizestheonedimensionalfunction:

g(� i) = f (xi + � idi)

For moreinformation,[Shewchuk1994]containsaniceintroductionto conjugate-gradienttechniques,while

[Pressetal. 1992]and[Avriel 2003]containfurtherdiscussionof nonlinearminimizationtechniques.

6.2.3 Results

Figure6.3 shows imagesfor which our lineargrayscaleconversionworkswell. The left columnshows the

originalcolor image,thecentercolumnthegrayscaleimageproducedusingluminance,andtheright column

is thegrayscaleimageproducedusingour technique.In the�rst image,thecarwith redhighlightedregions,
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theredregionsblendinto thebackgroundin theluminance-basedgrayimage.With our technique,however,

theseregionsarereadilyvisible. Thenext image,ared�o werwith greenleaves,hassimilar luminancevalues

for the�o wer andleaves.Whenconvertingto grayscalewith our technique,thedi� erencebetweenleaf and

�o wergraylevelsis increased.A similarsituationoccursin thenext image,containingredberriesonagreen

bush. The �nal imagecontainsa synthetictestpattern,whereall colorshave nearlyequalluminance.This

yieldsanimagewith asinglegraylevel whenusingtheluminancegrayconversion,but thebasicinformation

patternof theblocksis retainedwith our technique.

Althoughour techniqueworkswell for someimages,it performspoorly for others.Figure6.4 shows a

few examplesof suchfailures.The�rst image,containingseveralpastel-coloredcandies,fails to captureall

thecolor variation.Theyellow andgreenhuesmapto very similar grayvalues.While, at somepoint, there

is notsu� cientgraybandwidthto mapa largenumberof huesto distinguishablegrayvalues,webelieve that

abettermappingcanbeachieved.Thepoorperformancefor this imageis dueto thefactthatourconversion

is a linear process.We capturecolor variationalong the directionof our “gray vector”. Two completely

di� erenthuescanstill mapto thesamegrayvalueif they lie orthogonalto thegrayvector. A similarsituation

occursfor thenext image.Here,luminanceis heldconstantwhile chrominancevariesgreatly. Becauseof the

grayvector, we canonly capturea singledimensionof color variation. Ideally, would like a techniquethat

couldcapturemorevariationin color.

The bandingpresentin the grayscaleversionof the last imagein Figure 6.4 is neithera reproduction

artifactnor theresultof color quantization.Thecolor original only contains256distinctcolors,in a 16 x 16

grid. Thegrayunit vectorfoundis suchthat thereareonly 16 distinctgrayvaluesused.Thebandingis not

objectionablein thecolororiginal for perceptionalreasons.

6.3 Solving the Re-coloringProblem

Wecanuseanexpressionin thesameform as(5.6) to re-colorimagesfor colorde�cient viewers.For clarity,

we returnto theform of Equation6.3:

� 2 =
X

i

X

j=i+1

1
� 2

i j

�
kT(~ci) � T(~c j)k � � i j

�2
(6.5)

Here,insteadof T(~c) simply transforminga color to a grayvalue,thefunctionhastwo distinctsteps.First,

T(~c) performsa remappingof ~c to a new color, ~c0, that will betterpreserve visual detail. Second,T(~c)



41

Figure 6.3: Linear Success:Imageswhich the linear methodperformedwell for the grayscaleproblem.
Original color image(left), luminanceasgrayscale(center),our lineargrayscaletransform(right).



42

Figure 6.4: Linear Failure: Imageswhich the linear methodperformedpoorly for the grayscaleproblem.
Original color image(left), luminanceasgrayscale(center),our lineargrayscaletransform(right).

performsa simulationof a color de�cient view of the transformedcolor, ~c0. To producea simulatedcolor

de�cient view of a given color, we canthink of this processasevaluatingthe function, simulate(~c), which

returnsan approximationof the color that a simulatedcolor de�cient observer would perceive. For the

variousclassesof color de�ciency, we have di� erentsimulations,e.g. simulateprotan(~c), simulatedeutan(~c),

simulatetritan(~c), andsoforth. For our tests,we usedthetechniqueof Meyer andGreenberg [1988] to imple-

mentthesesimulations.

Next, we needa strategy to adjustthe colorswith the aim of preservingthe detailsfrom the original

image.In thecaseof conversionto grayscale,we wereableto identify a unit vectorontowhich colorswere

projected.A simplegeneralizationof thisstrategy wouldbeto useana� netransformationof thecolorsfrom

< 3 to < 3. Wede�ne amatrix,whosecomponentswehave yet to specify:

A =

2
666666666666666666666666664

a0

a1

a2

a3

3
777777777777777777777777775

=

2
666666666666666666666666664

a00 a01 a02 a03

a10 a11 a12 a13

a20 a21 a22 a33

0 0 0 1

3
777777777777777777777777775
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Now, wehave thepiecesof T().

~c0 = A

2
666666666666666666666666664

cL�

ca�

cb�

1

3
777777777777777777777777775

T(~c) = simulate(~c0)

Unlike the grayscalecase,we have quite a few dimensionsto searchto �nd a goodcolor transformation.

We cannotsimply take a coarsesamplingof the solutionspaceandbruteforce testfor a global minimum.

Insteadof searchingfor a unit vectorin < 3, aswasthecasefor thegrayscaletransformation,we now must

searchfor amatrix A 2 < 12. Weagain turn to theFletcher-Reevesoptimizationstrategy. Here,agoodinitial

point for theoptimizationof A is crucial. To developa heuristicfor choosingan initial A, we canexamine

thenatureof thecolor de�cient simulations.Figure6.5 shows a sliceof CIE LAB spacewith a constantL�

value.Thea� axisis horizontal,andtheb� axisis vertical.Wehaveplottedthelinesof perceiveddichromatic

de�cient colors,aspredictedby Meyer andGreenberg [Meyer andGreenberg 1988]. Theprotanopiccaseis

shown astheredcurve,thedeuteranopiccaseis thegreencurve,andthetritanopiccaseis thebluecurve. For

theprotanopicanddeuteranopiccases,mostof thevariationfalls alongtheb� axis. In thetritanopiccase,a

majorityof thevariationis alongthea� axis.

Whensimulatingcolor de�ciencies,we aremostlyconcernedwith changesin chromaticity, not changes

in luminance.We canusethis to startconstructingour heuristic,by settingthe lightnesstransformationto

theidentity. In otherwords,

a0 = (1;0;0;0)

Next, we canuseprincipalcomponentanalysis[Jolli� e 2002]to determinethedirectionsof majorvariation

in the input image. For all input colors,we drop the L� componentand�nd the two principalcomponents,

pc0 andpc1 of thea� b� components.We would like thesedirectionsof variationto line up with thoseof the

availablecolor gamut.For theprotanopicanddeuteranopiccases,the�rst andsecondprincipalcomponents

aremappedto theb� anda� directions,respectively. For thetritanopiccase,themappingis reversed.For the
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Figure 6.5: ConfusedCIELAB gamut:CIELAB chromaticitywith perceivedchromaticityplotsfor a simu-
latedprotanopicviewer (red),simulateddeuteranopicviewer (green)andsimulatedtritanopicviewer (blue).

protanopicanddeuteranopiccases,wehave

a1 = (0; pca�
1 ; pcb�

1 ; 0)

a2 = (0; pca�
0 ; pcb�

0 ; 0)

andfor thetritanopiccase,

a1 = (0; pca�
0 ; pcb�

0 ; 0)

a2 = (0; pca�
1 ; pcb�

1 ; 0)

Beforewe cansetaboutminimizing (6.5), we mustdeterminethevalueof dmax from de�nition 5.7. We

havechosento setdmax (andalsoTmax) to thelargestdi� erencebetweenany pairof transformedcolors,T(~c).

Notethatthisvaluewill have to beupdatedwith eachnew valueof thematrix A thatis tested.

6.3.1 Results

Figure6.6shows theresultsof our re-coloringfor asimulatedprotanope.As wasthecasewith thegrayscale

conversion,thegreenandredtonesaremappedto similarvalues.Thiscanbeseenin theimagesshown in the
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centercolumn.Theright columnshows theresultsof our re-coloring,wherethesimulatedperceiveddi� er-

encesbetweentheredandgreentonesaredramaticallyimproved.A similar situationoccursfor a simulated

deuteranope,asshown in Figure6.7. Finally, Figure6.8 shows theresultsfor a simulatedtritanope.In the

tritanopicsimulationof the candyimage,nearlyall the colorsmapto a similar cyan. With our technique,

the di� erencesareenhancedandthe di� erentcolorsof candyaredistinguishable,althoughthe colorsare

swappedto valuesthatarequitedistantfrom theoriginals. In the imageof thebilliard balls,we again run

into problemsof colorvariation.In theoriginalsimulatedimage(centercolumn),thegreen,blue,andpurple

ballsaremappedto similar hues.In thesimulatedview with our re-coloring,theblueandpurpleballsstill

mapto similarhues,but thegreenballsaredistinguishable.

6.3.2 Discussion

Therearea few problemswith this methodas it currently stands. First, therearenot any constraintson

luminanceconsistency. This could be remediedby �xing the �rst row of A to (1;0;0;0). Doing so would

alsoreducethenumberof dimensionsweneedto searchto eight.

A moreseriousproblemis thatof producingcolorsthatdo not lie within theavailablegamut. Thereis

nothingto ensurethat a given transform,A, producescolorsthat areall within the destinationgamut(e.g.

sRGB).This couldleadto a transform,thoughacceptable,appearingto performmuchbetterthanit actually

does.A possibleremedywouldbeto rejecttransformsthatproduceoutof gamutcolors.However, execution

timeis alreadysigni�cant, andtheadditionof aper-iterationcheckfor gamutrangecouldsubstantiallyimpact

performance.

6.4 Conclusions

This method,basedon linear re-coloring,appearsto producegoodresultsand is fairly straightforward to

implement. The resultingimageswould seemto validateour claims in Chapter5 of the e� ectivenessof

preservingconstantproportionsbetweenthe original and reproducedimages. However, thereare a few

seriousproblemswith thelinearmethod.For grayscaleimages,it is not terribly di� cult to �nd caseswhere

a linear projectionis not su� ciently expressive to captureall the color variation. For re-coloringimages

for color de�cient observers,we run into problemskeepingcolorswithin thetargetgamut. Theseproblems

motivatedthedevelopmentof anew method,asdiscussedin thenext chapter.
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Figure 6.6: Protanopiclinear re-colorings: Original image(�rst column),simulatedcolor de�cient view
(centercolumn)andsimulatedcolorde�cient view of our re-coloredimage(right column).

Figure 6.7: Deuteranopiclinear re-colorings:Original image(�rst column),simulatedcolor de�cient view
(centercolumn)andsimulatedcolorde�cient view of our re-coloredimage(right column).
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Figure 6.8: Tritanopic linear re-colorings: Original image(�rst column), simulatedcolor de�cient view
(centercolumn)andsimulatedcolorde�cient view of our re-coloredimage(right column).



Chapter 7

A Nonlinear Solution of ConstantProportions

Theprincipaltechniquedescribedin thischapteroriginally appearedin “Re-coloringImagesfor Gamuts

of LowerDimension”[Rascheetal. 2005b].Here,weprovideanextendedbackgroundfor theprocedure,as

well asexpandondetailsthatwereomitteddueto pagelimitations.

7.1 Majorization

Our goal is to �nd an arrangementof n pointsin d dimensionswhich representssomehigher-dimensional

arrangementof points. For this chapter, our notationwill be to usea lower caseletter to representa point

in d dimensions.A subscripton sucha variablewill refer to its order in a sequenceof n suchpoints. A

superscriptindicatesa speci�c componentof the point. Uppercaseletterswill refer to matrices.Matrices

with the sameletter asa d dimensionalpoint (e.g. x andX) will refer to n x d matrices.A subscripton a

matrixwill representaspeci�c row in thematrix,while asuperscriptwill representaspeci�c column.

Functionsof theform

f (x1; x2; : : : ; xn) =
nX

i

nX

j>i

wi j

� 


 xi � x j




 � � i j

�2
(7.1)

are referredto in the MDS literatureasSTRESS[Cox andCox 1994]. While the STRESSis di� cult to

minimizedirectly, it is generallysolvedusinga processknown as“majorization”. Herea convex quadratic

functionthatservesasanupperboundof (7.1) is iteratively foundandminimized,andthisiterationconverges

to a local minimum of (7.1). In this section,we will brie�y describethe majorizationprocess. Similar

derivationscanbefoundin [Cox andCox1994]and[Gansneretal. 2004].

Webegin by expanding(7.1):

wi j

� 


 xi � x j




 � � i j

�2
= wi j




 xi � x j




 2
+ wi j � 2

i j � 2wi j � i j




 xi � x j






If X representsthevectorof xi values,wecanwrite thesumof thequadratictermsas

nX

i

nX

j>i

wi j




 xi � x j




 2
= trace(XT QX)
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where

Qi j =

8
>>>>>><
>>>>>>:

� wi j i , j

P
k, i wik i = j

(7.2)

wherewi j = w ji if j < i, and

trace(A) =
nX

i

aii

Next, a boundfor the linear term is needed.As we wish to �nd an upperboundof (7.1) and the linear

term hasa negative coe� cient,we areseekinga lower boundon the linear term. We will make useof the

Cauchy-Schwartzinequality,

x � y � jx � yj � kxkkyk (7.3)

wherex andy arevectorsof dimensiond. Assumethatwehaveann x d matrix,Y, containingd dimensional

vectorsy1, y2, ..., yn. Using(7.3), andassumingwi j � i j � 0, wehave

wi j � i j




 xi � x j








 yi � y j




 � wi j � i j

�
xi � x j

�
�
�
yi � y j

�

And so,if kyi � y jk , 0:

wi j � i j




 xi � x j




 � wi j � i j
1




 yi � y j






�
xi � x j

�
�
�
yi � y j

�

X

i

X

j>i

wi j � i j




 xi � x j




 � trace(XT LY)

where

Li j =

8
>>>>>>>>>>><
>>>>>>>>>>>:

� wi j � i j

kyi � y jk i , j; yi , y j

0 i , j; yi = y j

�
P

k, i Lik i = j

(7.4)

Wenow have anupperboundfor (7.1):

nX

i

nX

j>i

wi j

� 


 xi � x j




 � � i j

�2
� trace(XT QX) � 2 trace(XT LY) +

X

i

X

j>i

wi j � 2
i j (7.5)

for somearbitraryn x d matrix Y. To minimizetheright handsidewith respectto X, we �nd thezeroof the



50

gradient,which resultsin thelinearsystem

QX = LY (7.6)

whereQ is symmetricpositivesemide�nite.To solve (7.6), considereachcolumnof X andY independently:

QXi = LYi i = 1;2; : : : ; d

To �nd a local minimumof (7.1) we choosesomeinitial valuefor Y, computeL from (7.4) andsolve (7.6)

for X, setY = X andtheniterateuntil convergence.Notethata solutionof (7.6) with Y = X is a minimum

of the original function, (7.1). At this point, the minimizationdoesnot includeany constraintsto preserve

luminanceconsistency. It is very likely thatcarryingout this minimizationwill resultin nonsensicalimages

suchasFigure3.4.

7.2 ConstrainedMajorization

To maintainluminanceconsistency, we will needto introducesomeconstraintswhensolvingEquation7.6.

The speci�c forms of the constraintswill be discussedin Sections7.4 and7.5. For now, it is su� cient to

know thatwe will needto solve Equation7.6subjectto bothlinearinequalityconstraintsandboundson the

componentvaluesof xi . A linearinequalityconstraintis simplyaninequalityof theform

a1x1
i + a2x2

i + � � � + anxd
i � b

wherex j
i is the j � th componentof thevectorxi . A boundconstraintlimits x j

i to bebetweensomeupperand

lowervalues,lowerji � x j
i � upperj

i .

7.2.1 Linear Programming

Linear programmingis a well-studiedproblem,anda large body of literaturehasbeenproduced. While

therearenumerousintroductorytreatments(e.g.[Strang1988]),wewill provideabrief introductionherefor

completeness.

Theproblemathandis to minimize(or maximize)somelinearobjectivefunctionsubjectto asetof linear

boundconstraints.Often, the boundconstraintsonly specifythat all variablesshouldbe nonnegative. For
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example:

Minimize x + y

Subjectto � x + y � 3

5x � y � 15

x; y � 0

The �rst stepin dealingwith a problemin this form is to convert the inequalityconstraintsinto equality

constraints.Thiscanbeeasilyaccomplishedby theintroductionof anextra,nonnegative “slack” variable:

� x + y � 3 ! � w � x + y = 3;w � 0

After introducingslackvariablesto ourexampleabove,wenow have:

Minimize x + y

Subjectto � w1 � x + y = 3

� w2 + 5x � y = 15

x; y;w1;w2 � 0

In general,theform of a linearprogrammingproblemis:

Minimize c � x

Subjectto Ax = b

x � 0

wherex is a vectorof n elements,c is a costvector, andA is anm x n matrix (m � n) of rankm. For a given

setof equalityconstraints,thesolutionvectorx canbepartitionedinto two. Onesetcontainsn � melements,

all of which have a valueof zero. A solutionx with n � m zeroelementsis referredto asa basicsolution.

Thesolutionis feasibleif all theelementsin x arenon-negative. Along with thepartitioningof x comesa

partitionof A:

A = [B F]
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whereB is anm x m matrix,madefrom them columnsof A correspondingto thenon-zerovaluesin x. F is

anmx (n � m) matrix,madefrom then � mcolumnsof A correspondingto thezerovaluesin x.

It canbeshown that thevalueof x producingtheminimumvalueof c � x is foundat a solutionwhich is

bothbasicandfeasible. Thismotivatesthedevelopmentof thesimplex method,whichbeginsfrom aninitial

basicfeasiblesolutionandproceedsto otherbasicfeasiblesolutionswith lowercosts.Theprocessof �nding

new basicfeasiblesolutionscontinues,until onewith lower costcannotbefound. At this point, thecurrent

solutionhastheminimumcost.

Givensomepartitioningof A into B andF, asolutionfor x is straightforward,assumingB is notsingular.

Here,thesolutionto Ax = b is x = (xB; xF), wherexF is thezerovectorandxB = B� 1b.

As previously mentioned,the simplex methoditeratesfrom onebasicfeasiblesolution to another. In

doing so, thereare two major steps. First, a componentof x with zerovalue is chosento have its value

increased,in orderto reducethecost.This componentis increasedin value(it cannotbedecreasedandstill

havea feasiblesolution)until anon-negativecomponenttakesonazerovalue.At thispoint,ourpartitioning

hasbeeninvalidated,aswe have a memberof the zero-valuedsetwith a non-zerovalue,anda memberof

non-zerovaluedsetwith azerovalue.As such,anew partitioningmustbespeci�ed.

In orderto �nd thecomponentsto bechosen,it is usefulto write theproblemin “tableauform”. Here,an

(m+ 1) x (n + 1) matrix is constructed: 2
6666666664

B F b

cB cF 0

3
7777777775

wherec � x = (cB; cF) � (xB; xF). Next, GaussianEliminationis performedonthe�rst mcolumns,resultingin:

2
6666666664

I B� 1F B� 1b

0 cF � cBB� 1F � cBB� 1b

3
7777777775

(7.7)

By examiningthevectorcF � cBB� 1F, wecantell if thecurrentsolutioncanbeimprovedupon.If thereexists

a negative componentin this vector, thereexistsa basicfeasiblesolutionwith a lowercost.If all coe� cients

arenon-negative, theiterationterminatesandthecurrentsolutionhasa minimumcost. If thereis a negative

component,wegenerallywish to choosetheonewith thesmallestvalue.If thek-th componentof thevector

hasthelargestnegative value,thek-th columnof F is movedto B. To make roomin B for this new column,

oneof thecolumnsfrom B mustbemovedto F. Here,we take thevectorv, composedof the�rst m rows of

the(m+ k)-th columnof (7.7) (thecolumnwhich includesthenegative componentselected).We selectthe



53

i-th componentof v, wherevi is positive andfor which thevaluevi=[B� 1b] i is largest.Thei-th columnof B

is thenmovedto F.

After swappingtheappropriatecolumnsin F andB, theprocessiterates,beginningby performingGaus-

sianEliminationagain. For e� ciency, thisonly needsto beperformedon theexchangedcolumns.

Finally, the simplex methodneedsan initial basicfeasiblesolution to begin its iteration. This canbe

accomplishedby constructinganew linearprogrammingproblem.Theminimumcostbasicfeasiblesolution

to thisnew problemcanbeusedasaninitial basicfeasiblesolutionfor theoriginalproblem.Thenew problem

is alsoconstructedsothat it hasa trivial initial basicfeasiblesolution.To constructthis new problem,begin

by introducingmnew variables,y1; y2; :::;yn. Next, rowsof A arenegated,if necessary, sothatall components

of b arenon-negative. Next, de�ne:

A0 = [A I ]

x0 = (x1; : : : ; xn; y1; : : : ; yn)

c0 = (0; : : : ; 0; 1; : : : ; 1)

for which thenew linearprogram:

Minimize c0 � x

Subjectto A0x0 = b

x0 � 0

hasaninitial basicfeasiblesolutionof x0 = (0; : : : ; 0; b1; : : : ; bm). Theminimumcostvaluefor x is thenused

to initialize theoriginalproblem.

7.2.2 A Linear Programming Formulation of ConstrainedMajorization

After addingconstraintsto (7.6), it is not likely thatanexactsolutionwill bepossible.Instead,we wish to

�nd the“best” solution.Onede�nition of “best” is to minimize

dX

i

kQXi � LYik (7.8)
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subjectto theconstraintsof theproblem.Problemsof thisformfall in into thecategoryof “quadraticprogram-

ming” [Vanderbei1997], sincethe objective function is quadratic.While thereareseveral well-developed

algorithmsfor solving quadraticprogrammingproblems,the implementationis generallyratherinvolved,

andeasilyobtainablelibrariesarerare. If we could reduceour objective function to a linearone,we could

insteadleveragereadilyavailable,optimized,linearprogrammingcode.

Expression(7.8) calls for minimizing the l2 norm subjectto somesetof constraints.Generally, the l2

norm is preferredas it representsEuclideandistance. However, in our case,the choiceof the l2 norm is

forcingusinto therealmof quadraticprogramming.To moveinto thedomainof linearprogramming,wecan

insteadminimizethel1 norm. In thiscase,wewantto minimize

dX

i

nX

j

���Q j � Xi � L j � Yi
��� (7.9)

whereQ j indicatesthe j-th row andXi representsthei-th columnof therespective matrices.This will yield

a slightly di� erentsolutionthanminimizing the l2 norm. However, sincethe di� erenceswill not likely be

greatlyvisible, this shouldbea valid approximation.In general,(7.9) would be tricky to minimize,dueto

theabsolutevalues.Nevertheless,in thecaseof linearprogramming,we caneliminatetheseabsolutevalues

usingslackvariables[Chvátal1983].Here,we introduceoneslackvariablefor eachabsolutevalueterm

 i j =
���Q j � Xi � L j � Yi

���

Next, constraintsareaddedsothattheabsolutevaluescanberemoved.Theresultinglinearprogram,without

any constraintsto preserve luminanceconsistency, is

minimize
P

i
P

j  i j (7.10)

subjectto  i j + Q j � Xi � L j � Yi ;

 i j � Q j � Xi � � L j � Yi

 i j � 0



55

7.3 Inter polating The Solution

Unfortunately, this techniqueto minimize(7.1) doesnotscalewell to largedatasets,asit requirescomputing

di� erencesbetweenall pairsof datapoints.To attemptto work aroundthis de�ciency, which is commonto

MDS techniques,therehave beenseveralproposalsfor “sparseMDS” thathave beenput forth.

Onestrategy is to choosea setof “landmarkpoints” andembedall pointswith respectto thelandmarks.

Therearetwo methodsfor this. In the �rst, the systemis solved usingpairs (i; j), wherei is in the setof

landmarkpoints,and j is in the setof all otherpoints. The otherapproachinvolvestwo passes.First, the

systemis solved usingall pairsof landmarkpoints. Then,all otherpointsare insertedto minimize their

distancefrom thelandmarks.

For our purposes,the latter approachseemsto make moresense.Presumably, we cansolve the initial

embeddingof the landmarkpointsaswe do now, with a constrainedsolution. Thesecondpasscanthenbe

solved asan unconstrainedproblem. While this technicallycanallow for badthingsto happen,we do not

expectmajorvisualartifactssincethelargescaledetailshave beencapturedby thelandmarkpoints.

Assumingthat we have found somelow-dimensionalcon�guration of the landmarkpoints,our second

passtakestheform:

minimize
nX

i

pX

j

wi j

�
kxi � mjk � � i j

�2
(7.11)

wherexi is a embeddingwe wish to �nd, mj is oneof p alreadypositionedlandmarkpoints,and� i j is the

distancefrom the ith point to the jth landmarkpoint in the high dimensionalspace.Here,recall that both

xi andmi arevectorsin d-dimensionalspace.Theminimizationproceedsin muchthemannerasSTRESS,

exceptthatmj is known. Expanding,wehave:

wi j

�
kxi � mjk � � i j

�2
= wi jkxi � mjk2 � 2wi j � i jkxi � mjk+ wi j � 2

i j (7.12)

As before,for n x d matrixY with rowsyi , wehave:

wi j � i j

�
xi � mj

�
�
�
yi � mj

�
� wi j � i jkxi � mjkkyi � mjk

wi j � i j

kyi � mjk

�
xi � mj

�
�
�
yi � mj

�
� wi j � i jkxi � mjk (7.13)
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Combining(7.12) with (7.13), wecan�nd theupperbound:

nX

i

pX

j

wi j

� ���xi � mj

��� � � i j

�2
�

nX

i

pX

j

wi jkxi � mjk2 � 2
wi j � i j

kyi � mjk

�
xi � mj

�
�
�
yi � mj

�
+ wi j � 2

i j

= trace(XT Q̃X) � 2trace(XT L̃) + C (7.14)

whereC is aconstantscalar, Q̃ is ann x n matrix,andL̃ is ann x d matrix:

Q̃st =

8
>>>>>><
>>>>>>:

P p
j wsj s = t

0 otherwise

L̃st =
pX

j

wsj

 
mt

j +
� sj

kys � mjk
(yt

s � mt
j)

!

Theright-handsideof (7.14) hasaminimumvaluewhenX satis�es

0 = 2Q̃X � 2L̃

SinceQ̃ is adiagonalmatrix, this simpli�es to

xt
i =

L̃it

Q̃ii
(7.15)

7.4 Solving the GrayscaleProblem

To transformacolor imageto grayscale,wecansolve(7.10) or minimize(7.1) to computeaone-dimensional

con�gurationof thecolors.However, beforewe candeterminethesolution,therearea few detailsthatmust

behandled.First, a setof constraintsmustbechosento maintainimportantluminancecuesin the images.

Next, thevaluesof � i j have to bedeterminedandtheweighting,wi j hasto beset. Finally, aftercomputing

thegrayvalues,wemustcorrectlyinterprettheresultsfor display.

7.4.1 Constraints

As we discussedin Chapter3, we needto constraingrayvaluesto preserve gradients,highlights,andshad-

ows. Consideran exampleof a gradientfrom a dark toneto a light toneof the samehue. For a grayscale

representationof this gradient,we would envision a graygradientfrom darkto light, following thechanges
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in thecolor gradient.Next, imaginethat this gradientis abuttedwith a similar gradientover a di� erenthue.

Both gradientsshouldhave grayscalerepresentationsthatchangewith the lightnesschangeswithin the two

hues.However, thereshouldalsobesomedistinctionbetweenthetwo grayscalegradients.This is illustrated

in Figure4.2. We would expectthat thegrayvaluesfor light greenandlight redshouldbehigherthanthe

gray valuesfor dark greenanddark red. However, the gray valuesrepresentinglight greenand light red

shouldbeseparated,asthey representdi� erenthues.

To avoid situationssuchasthe oneshown in Figure4.2, we shouldnot constrainthe orderingbetween

hues.This leavesus to theconclusionthatwe shouldspecifyonly theorderingwithin huesto preserve the

orderingof gradients.Theorderof thehuescanthenbedeterminedby minimizing (7.1).

In orderto choosesuchconstraints,we look at thedi� erencein chromaticitybetweentwo colors. If the

colorsdi� er by lessthansomeuser-speci�ed threshold,we adda constraintthat thecolorsshouldappearin

thegrayorderof theirL� values.Thisallowsfor similarhuesto bereproducedin L� order, thuspreservingthe

changesacrossgradients.For ourexperiments,wefoundthatwhenworkingwith thechromaticitydi� erence

� i j =

r
�
a�

i � a�
j

�2
+

�
b�

i � b�
j

�2

andusingsRGBfor anRGB color space,appropriatethresholdson � rangebetween10 and20. This pro-

cedurecanintroducea largenumberof redundantconstraints.For e� ciency, we candiscardconstraintsthat

areimplied by transitivity. For example,if thereareconstraintsG0 � G1, G1 � G2, andG0 � G2, the �nal

constraintis redundant,andcanbeculled.

To maintainluminanceconsistency, we mustalsouseconstraintswheninterpolatingtheresults.We �nd

upperandlowerboundsoneachinterpolatedvalueby thresholdingthedi� erencein chrominancebetweenci

andall thelandmarkcolors. If � i j � � , x j (thegrayvalueof thelandmarkpoint) is a candidatefor eitheran

upperor lower boundon xi (thegrayvalueto becomputed),dependingon the luminanceorderbetweenci

andthe j th landmarkcolor. Theinterpolatedsolutionis then

xt
i = min

 
max

 
L̃it

Q̃ii
; lowerti

!
; upperti

!
(7.16)

whereloweri and upperi are the lower and upperboundson xi . Note that xi , loweri , and upperi are d-

dimensionalvectors.
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wi j = 1 wi j = � � 1
i j wi j = � � 2

i j

Figure7.1: E� ectsof weighting:Convertingto grayscalingusing(7.1) with wi j = 1 (left) resultsin avery�at
image,aslargedi� erences(changesin chromaticity)overshadow smallerdi� erences(changein luminance
from shading).Conversionwith wi j = � � 1

i j (center)doesslightly better, but still looks �at. Usingwi j = � � 2
i j

(right) soeachtermis weightedequallyresultsin visuallypleasingresults.

7.4.2 Determining �

Wecanpictureourgrayscalesolutionaslying entirelyalongtheL� axisof CIE LAB space.Thiswouldgive

usa valuefor gmax of 100. cmax is foundby examiningall pairsof input colorsfor thelargestdi� erence.We

alsoincludea constrainton all gray valueswhenminimizing (7.1) that restrictsthe solutionsto be within

[0;100].

7.4.3 Weighting the terms

If we simply setthewi j termin (7.1) to 1, termswith largerdi� erenceswill a� ect the total errormorethan

thosewith smallerdi� erences.Visually, the largerdi� erencescomefrom changesin huewhile thesmaller

di� erencescomefrom changesin shading.With a solutionbiasedtoward largerdi� erences,small shading

detailsmay be lost. While this will yield an imagewith highly contrastingvalues,it will look rather�at.

Instead,we would like to weightthecontribution of eachtermequally. This canbedoneby normalizingthe

di� erence,beforesquaring,by � i j . So,wenow have

P
i
P

j>i

�
kxi � x jk

� i j
� � i j

� i j

� 2

=
P

i
P

j>i
1
� 2

i j

�
kxi � x jk � � i j

�2

In orderto weighteachtermequally, we shouldsetwi j = � � 2
i j . Thee� ectsof changingtheweightingcanbe

seenin Figure7.1. With theimproperweighting,theimagecanbecomevery �at andhighlightscanbelost.
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7.4.4 Minimizing STRESS

As observedearlier, from any X thatminimizes(7.1) we canobtainanotherby addinga �x edo� setto each

component.Gansneret al. [2004] eliminatethis indeterminacy by �xing onepoint of the solutionat the

origin. Weperformasimilar stepby choosingthecolorwith thelowestL� valueto mapto black.

After computingtheconstraintsonthesystem,wechooseaninitial randomsolutionfor Y = (y1; y2; :::;yn)

to begin themajorizationprocess.We theniteratively solve the linearprogram(7.10) andtestthevalueof

Equation7.1for convergence.WethensolveEquation7.15for eachinterpolatedcolorusinganinitial random

value to start the majorization. Again, we iterateuntil the systemconvergesto a local minimum for the

interpolatedcolors.Theboundson theinterpolatedcolorsarefoundby testingthechromaticitydi� erences,

� , betweentheinterpolatedcolorsandthelandmarkcolors. Thesamethresholdis usedfor this stepaswas

usedto computeconstraintsfor thenon-interpolatedsolution.

7.4.5 Inter preting the results

Finally, we have a solutionfor thegrayvaluesof all colorsin animage.We now wish to save,display, print,

or otherwisedealwith thegrayimage.For this, it is importantto rememberthepropertiesof thecolor space

in which we areworking. Our gray valueshave di� erencesthat areproportionalto di� erencesin colors.

Sincewe have not doneanything to alter thecolor space,we canthink of thegrayvaluesaslying alongthe

L� axisof CIE LAB space.To getanRGB representationfor furtherprocessing,we mustperforma color

spaceconversion.Theconversionfrom CIE LAB to RGB or sRGBis non-linear, sowe cannotlinearly map

thegrayvaluesobtainedfrom our iterativesolutionto grayin RGBor sRGB.

7.4.6 Results

To recap,Algorithm 7.1describestheheartof thenonlinearcolor to grayscaleconversion.However, it does

not includetheinterpolationof thequantizedsolutionacrosstheoriginal setof colors.

Figures7.2and7.3show theresultsof our minimizationof STRESS.We cannotdetectany peculiarities

in the shading,highlights,or shadows, that would indicatefailuresin luminanceconsistency. All of these

imagesweregeneratedusingthe sRGBcolor modelandvaluesof the threshold� rangedbetween10 and

20. We usedtheCLP linearprogramsolver that is partof theCOIN-ORcollectionof optimizationsoftware

(http://www.coin-or.org) to �nd solutions. Timing resultsfor the imagesshown in Figures7.2 and7.3 are

givenin Table7.1.
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Quantize image to n colors, c0; c1; :::;cn� 1

// Setup constraints to maintain luminance consistency
constraints = fg
for i=0, ..., n � 1 do

for j=i+1, ..., n � 1 do

if
q

(a�
i � a�

j )
2 + (b�

i � b�
j )

2 � � i j then

if L�
i > L�

j then
constraints = constraints [ fgi > g jg

else
constraints = constraints [ fg j > gig

end if
end if

end for
end for

// Computecmax

cmax = 0
for i=0, ..., n � 1 do

for j=i+1, ..., n � 1 do
if kci � c jk > cmax then

cmax = kci � c jk
end if

end for
end for

// Compute � i j

for i=0, ..., n � 1 do
for j=i+1, ..., n � 1 do

� i j = 100
cmax

kci � c jk
end for

end for

ComputeQ using Equation 7.2
Y = random vector of length n
while not converged do

ComputeL using Equation 7.4
Find X by minimizing jQX � LYj using Equation 7.10 and enforcing constraints
Y = X

end while

// Convert result to RGB
gray rgb i = LABto RGB(xi , 0, 0)

Algorithm 7.1: Nonlinearcolor to grayscaleconversionon in imagequantizedto n colors.
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Colors Solving Interpolating
Berries 1,415,424 22.4sec 1260.4sec
Candy 367,136 34.8sec 365.0sec
Flower 338,010 22.5sec 307.5sec
Car 71,448 27.6sec 98.0sec
Grid 43 0.041sec -

Table 7.1: Timing: Resultsfor thegrayscaleimagesshown in Figures3.1 and3.2. In eachcaseexceptthe
“Grid” image,the solutionwastwo-phase,with an initial MDS over 256 landmarkcolors followed by an
interpolationstep.The“Grid” imagewassolvedfor all colorswithout interpolation.

Figures7.4 and7.5 comparegrayscaleconversionof the linear methodof Chapter6 andthe nonlinear

methoddiscussedin this chapter. We canseethatthereis little di� erencefor theimageson which thelinear

algorithmperformedwell. For imagesonwhich thelinearalgorithmperformedpoorly in thelinearcase,the

nonlinearresultslook signi�cantly better.

7.4.7 ReintroducingColor to GrayscaleImages

Goochet al. [2005] point out thatthechromaticityof theoriginal colorscanbeaddedbackto theoptimized

gray values.This newly created,coloredimagecanthenbe distributedand,whenconvertedto gray using

traditionalmethods,will retaingoodgray contrast.While this is a useful idea,it is not without problems.

Simply addingthe chromaticityto the recoveredlightnesswill not alwaysproducein-gamutcolors. If the

new colorsareclipped,or otherwisegamutmapped,theprocessof goingfrom optimizedgrayto optimized

color is not invertible.Thegrayimageresultingfrom a traditionalgrayscaletransformationof theoptimized

color imagemaynotmatchtheresultof theoptimizedgrayimage.

Fortunately, we cancircumventthis problem.As discussedin Section7.4.2, we includea constraintthat

eachgrayvaluestayswithin theavailableL� range,typically [0; 100]. To reintroducecolor, weneedto ensure

that (gi ; a�
i ; b

�
i ) is within theavailablegamut. Note thatherewe needto keepthecolor within thegamutof

thestorage format,not thereproductiondevice. We needto �nd theminimumandmaximumL� values,gmin
i

andgmax
i , suchthat (gmin

i ; a�
i ; b

�
i ) and(gmax

i ; a�
i ; b

�
i ) arewithin the gamut. Using gmin

i andgmax
i aslower and

upperboundsongi , weensurethataddingchrominancebackto ouroptimizedgrayimagewill resultin valid

colors.

Nevertheless,for any color with non-zerochrominance,the L� rangeavailableto produceanoptimized

colorimagewill belessthanthatavailablefor anoptimizedgrayimage.Therefore,wewouldexpectthatrein-

troducingcolorwill not produceresultsthatareasgoodasthoseobtainedby directly computinga grayscale
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Figure 7.2: Nonlinearresults:Resultsof thenonlinearcolor to grayscaleconversion.
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Figure 7.3: Nonlinearresults:Additional resultsof thenonlinearcolor to grayscaleconversion.

image.This canbeseenin Figure7.6. Thetwo imageson the left show theoriginal color version,andthe

optimizedgrayimagewith color reintroduced,respectively. Thetwo imageson theright show thetwo gray

imagesthat werecomputed.The �rst gray imageshow the resultsof usingthe full L� range. The second

shows theresultsof usinga reducedrangeto keepcolorswithin theRGB gamut.

7.5 Solving the Re-coloringProblem

Wecanalsouse(7.1) to re-colorimagesto preservedetailfor colorde�cient viewers.In thiscase,xi is acolor

in threedimensionalspace,but restrictedto within thegamutof colorsdistinguishableby a color de�cient

viewer.

7.5.1 DistinguishableColors

Thecolor de�cient simulationtechniquesof Meyer andGreenberg [1988] andBrettelet al. [1997] produce

colorsthat lie on oneof threecurvedsurfaces.Thechoiceof surfacedependson thede�cient component;

thereis onesurfacefor theprotanopiccase,another(similar)surfacefor thedeuteranopic,andathird surface

for thetritanopiccase.Restrictingoursolutionto anarbitrarysurfacewouldberatherinvolved,likely requir-

ing conformalmappingof thesurfaceandcomplicatedconstraints.Instead,we canmake useof thefactthat
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Figure 7.4: Grayscalecomparison:Lineargrayscaleconversion(center)comparedwith nonlinearconver-
sion(right).



65

Figure 7.5: Grayscalecomparison:Lineargrayscaleconversion(center)comparedwith nonlinearconver-
sion(right).

Figure 7.6: Reintroducingcolor to grayscale:Original image(left), optimizedgrayscaleimagewith chro-
maticityreintroduced(left center),optimizedgrayscaleimagewith full L� range(right center),andoptimized
grayscaleimagefor reducedL� rangefor color reintroduction(right).
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Colors Solving Interpolating
Berries 1,415,424 24.5sec 723.1sec
Flower 338,010 25.7sec 164.7sec
Balls 416,880 20.0sec 253.4sec
Candy 335,104 53.7sec 169.7sec

Table 7.2: Timing: Resultsfor the re-coloredimagesshown in Figures7.7, 7.8. and7.9. Themethodwas
appliedto aquantizedsetof 256colorsandtheninterpolatedover theimagecolors.

thesurfacesarenearlyplanar, allowing us to approximatethesesurfaces.Thenormalto theapproximating

planesshouldbeorthogonalto the L� axis,astheblackandwhite pointsarenot modi�ed during thecolor

de�cient simulation.A simpleleastsquares�t givesusplaneswith normals(0;0:99;0:14) for theprotanopic

anddeuteranopiccasesand(0; � 0:58;0:81) for the tritanopiccase.We thenneedto includeconstraintsto

ensurethesolutionproducedremainson theseplanes.

7.5.2 Constraints

As wasthecasewith thegrayscaletransformation,weneedconstraintsthatmaintainluminanceconsistency.

Sincewehavemultipledimensionsto work with, thesimplestwayto enforcethis is to keeptheL� component

of eachremappedcolor�x edto theL� valueof theoriginalcolor. Thissacri�cessome�e xibility in computing

thesolution,but it greatlysimpli�es theproblem.With this constraint,our problemis reducedto computing

asolutionin two dimensions.

Giventheinput L� value,wecancomputea two dimensionalparametricline, v0 + t ~vd, where~vd is of unit

length,onwhich thesolutionmustlie. Further, wecan�nd theintersectionof this line with thegamutof the

reproductiondevice. This providesboundconstraintsfor theparametert of the line. At this point, we have

reducedtheproblemfrom threedimensionsto onedimension(t). Wheninterpolatingthesolution,thegamut

intersectionpointsform theupperandlowerbounds.

7.5.3 Results

In orderto computea re-coloring,we needto iteratively minimize (7.9). Here,we have two dimensionsto

consider, L� andt, andweneedto minimize:

nX

j

jQ j � XL�
� L j � YL�

j + jQ j � Xt � L j � Ytj (7.17)
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From the constrainton L� , we know that xL�

i = yL�

i , which is the L� componentof the original color. This

impliesthatthe�rst termin (7.17) is constant,andweneedto minimize:

nX

j

jQ j � Xt � L j � Ytj (7.18)

Thisiteratesfrom aninitial randomselectionof yt
i . NotethatwhenconstructingthematrixL, thetermkyi � y jk

representsEuclideandistancein two dimensions.Similarly, wheninterpolatingthissolutionovera largerset

of colors,weagainonly needto solveonedimension,t. However, thekys� mjktermin theL̃ matrixrepresents

Euclideandistancein two dimensions.

Figures7.7, 7.8, and7.9show theresultsof our nonlinearre-coloringfor simulatedprotanopic,deutera-

nopic,andtritanopicviewers,respectively. Theoriginal color imagewasquantizedto contain256colors.A

re-coloringwasthencomputedfor the256colors,by minimizing (7.1) with theappropriateconstraints.The

solutionwastheninterpolatedover all colorsin theoriginal image.As opposedto thegrayscalecase,here

wechoose

� i j =
kci � c jk

cmax
(7.19)

becausethe valuecorrespondingto dmax is not �x ed; it varieswith luminance.Table7.2 givesthe timing

resultsfor solvingthere-coloringproblemwith thequantizedimageandtheninterpolatingtheresultover the

original image.

7.6 Discussion

A comparisonof the linear and nonlineartechniquescan be seenin Figures7.10, 7.11, and 7.12, Here,

thecentercolumnshows theresultsof our linearconversion,andtheright columnshows theresultsof our

nonlinearconversion.
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Figure7.7: Nonlinearre-coloring:Simulateddichromaticprotanopeview (center)comparedwith resultsof
thenonlinearre-coloringof imagesfor a simulateddichromaticprotanope,asseenby a simulatedprotanope
(right).

Figure 7.8: Nonlinearre-coloring: Simulateddichromaticdeuteranopeview (center)comparedwith results
of thenonlinearre-coloringof imagesfor asimulateddichromaticdeuteranope,asseenby asimulateddeuter-
anope(right).
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Figure 7.9: Nonlinearre-coloring: Simulateddichromatictritanopeview (center)comparedwith resultsof
the nonlinearre-coloringof imagesfor a simulateddichromatictritanope,asseenby a simulatedtritanope
(right).

Figure 7.10: Re-coloringcomparisons:Protanopere-coloringsfor the linear method(centercolumn)and
thenonlinearmethod(right column).
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Figure7.11: Re-coloringcomparisons:Deuteranopere-coloringsfor thelinearmethod(centercolumn)and
thenonlinearmethod(right column).

Figure7.12: Re-coloringcomparisons:Tritanopere-coloringsfor thelinearmethod(centercolumn)andthe
nonlinearmethod(right column).



Chapter 8

Evaluation of GrayscaleTransformations

As discussedin Chapter5, our objective function could take on two di� erent forms. The �rst form

attemptsto �nd gray valueswith di� erencesperceptuallyequalto the perceptualcolor di� erencesin the

original image.Thisobjective functionwould take theform

nX

i

nX

j>i

�
jgi � g j j � k~ci � ~c jk

�2

As color andgraydi� erenceshave di� erentmaximumvalues,this form will likely causeusto loseshading

detaildueto outof rangeclamping.Instead,weproposedto �nd asetof grayvalueswhosedi� erenceswere

proportionalto theperceptualcolordi� erences.This takestheform

nX

i

nX

j>i

 ���gi � g j

��� � gmax
k~ci � ~c jk

cmax

!2

If weweighteachcolor contributionbasedondi� erences,ourobjectivesthenbecome

nX

i

nX

j>i

1
k~ci � ~c jk2

�
jgi � g j j � k~ci � ~c jk

�2
=

nX

i

nX

j>i

1

 2

i j

�
jgi � g j j � 
 i j

�2
(8.1)

nX

i

nX

j>i

 
cmax

gmax

1
k~ci � ~c jk

!2  ���gi � g j

��� �
gmax

cmax
k~ci � ~c jk

!2

=
nX

i

nX

j>i

 
1
� i j

!2 � ���gi � g j

��� � � i j

�2
(8.2)

where� = gmaxk~ci � ~c jk=cmax and
 i j = k~ci � ~c jk. We will refer to theobjective in (8.1) astheobjective of

constantdi� erences, andtheobjective in (8.2) astheobjective of constantproportions.

The basisof our thesisis that minimizing the constantproportionobjective (8.2) shouldyield a good

grayscalerepresentationof the color original, provided luminanceconsistency is enforced. The constant

proportionsolutionshouldoutperformboth the constantdi� erencesolutionandthe mappingof luminance

to grayscale.To evaluatethis claim, we designeda smallperceptualexperiment.Six testimages,shown in

Figure8.1, wereusedto evaluatethee� ectivenessof thegrayscaleconversions.Thegrayscaleconversions

of thesetestimagescanbeseenin Figure8.2and8.3.

Our experimentconsistedof presentingparticipantswith a pair of gray images,along with the color

original. Participantswereasked to choosethe gray imagethat bestrepresentedthe visual informationof
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theoriginal. The18 participantsweregraduatestudentswith somebackgroundin eithercomputergraphics,

imageprocessing,or design.An exhaustive pairedcomparisonwasusedfor eachof thesix images.

We usedThurstone's Law of Comparative Judgment[Torgerson1967] to arrangethepairedpreferences

for eachimagein a linear scale. A 95% con�denceinterval wascomputed,asdiscussedby Braunet al.

[1996]. Therewereno unanimousdecisions,sono specialhandlingof suchcaseswasnecessary. The raw

datacanbeseenin Table8.1. Thevaluein the ith row and jth columnrepresentsthenumberof timesthat

methodj waschosenovermethodi for thatparticularimage.

To determinetheoverall scalesfor the techniques,we would ordinarily averagethescalevaluesacross

all images.This would assumethatour sampleimageswererepresentative of all possibleimages.Our test

imagesdo not, however, representa randomsamplingacrossall images.The spaceof all possibleimages

canbedivided into two parts. In onepartwe have imagesfor which mappingluminanceto grayperforms

well. Theotherpartcontainsimagesfor which theluminancemappingperformspoorly. Our six imagescan

bethoughtof asthreerandomsamplesfrom eachof thesegroups.They do not,however, re�ect therelative

sizesof thetwo partitions.Sincewedonotknow thesizeof onepartitionrelativeto theother, choosingequal

numbersof randomimagesfrom bothandaveragingtheresultswould likely skew theresultsto onesideor

theother.

To avoid skewed results,we averagedseparatelyacrossthe scalevaluesof the imagesin eachgroup.

The gray imagesin the �rst group,whereluminancemappingperformedwell, canbe seenin Figure 8.2.

The imagesin theothergroup,whereluminancemappingperformedpoorly (asjudgedsubjectively by the

authors),canbeseenin Figure8.3.

The resultsfor the grayscaleimagesof Figure8.2 canbe seenin Figure8.4(a). The imageshave been

arrangedona linearscaleof arbitraryunits.Theerrorbarsshow uncertaintyof the95%con�denceintervals.

Here,therewasno signi�cant di� erenceamongany of the threemethodswe tested.This is not surprising,

giventhevisualsimilarity of thegrayscaleimages.Figure8.4(b)showstheresultsfor theimagesfrom Figure

8.3. Here,thestandardmappingof luminanceto grayscaleandour constantdi� erencemethoddo not show

any signi�cant di� erence,but our proportionaldi� erencemethodwassigni�cantly preferred.Figure8.4(c)

shows theresultsof handlingall imagestogether, thoughits interpretationis somewhatunclear.

From our experiment,we candraw two conclusions.First, for imageswhereluminancemappingper-

forms well, neitherthe constantdi� erencesolution nor the constantproportionsolution performsworse.

Second,for imageswhereluminancemappingperformspoorly, the constantproportionsolutionperforms

noticeablybetteratmaintainingvisualdetail.As theconstantdi� erencesolutionneverperformedbetterthan
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(a) (b) (c)

(d) (e) (f)

Figure 8.1: Perceptualexperimenttest images: The top threeimagesperformedwell usingthe traditional
mappingof luminanceto grayscale,while thebottomthreedid not.
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Dog Luminance C. Di� erence C. Proportion
Luminance - 8 10

C. Di� erence 10 - 11
C. Proportion 8 7 -

O� ce
Luminance - 5 11

C. Di� erence 13 - 14
C. Proportion 7 4 -

BikeRack
Luminance - 11 13

C. Di� erence 7 - 9
C. Proportion 5 9 -

Berries
Luminance - 6 14

C. Di� erence 12 - 17
C. Proportion 4 1 -

Candies
Luminance - 14 15

C. Di� erence 4 - 10
C. Proportion 3 8 -

Flower
Luminance - 11 13

C. Di� erence 7 - 16
C. Proportion 5 2 -

Table 8.1: Experimentaldata: Raw datafor our experiment. Ai j representsthe numberof timesmethod j
waschosenovermethodi.

theluminancemapping,our normalizationto achieve theconstantproportionsolutionin Chapter5 hasbeen

validated.
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(a) (b) (c)

Figure 8.2: Conversionusingluminancemapping(a),constantdi� erences(b), andconstantproportions(c).
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(a) (b) (c)

Figure 8.3: Conversionusingluminancemapping(a),constantdi� erences(b), andconstantproportions(c).
The�o wer imageslook signi�cantly di� erentfrom Figure7.2. This is dueto themany local minimaof the
STRESSfunction. For a fair comparison,boththeconstantproportionandconstantdi� erenceimageswere
initialized from thesameposition,whichwasdi� erentfrom theinitial positionsusedin Figure7.2
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Figure 8.4: Experimentalresults:(a) Scalingof datafor imagesin Figure8.2, (b) imagesin Figure8.3, and
(c) all imagestogether.



Chapter 9

LightnessScaling

Theproblemof gamutmappinginvolvesreproducinganimageon a device for which somecolorsin the

imagearenot available. For example,a color printer hasa ratherlimited rangeof colors it canproduce,

while digital photographstypically compriseawiderangeof colors.Whendealingwith colorsthatcannotbe

reproduced,somesortof color manipulationmustbeinvolved.This is anopenproblem,anda largebodyof

literatureatteststo thedi� culty of a generalsolution. We wish to examinea ratherrestrictedversionof the

gamutmappingproblem.Insteadof workingwith full colorimages,werestrictourselvesto grayscaleimages.

In CIELAB space,thecolorsweareinterestedin haveonlynon-zeroL� components.For a“standard”gamut,

therangeof the lightnesscomponentof CIE LAB spaceis between0 and100. Here,a valueof 0 indicates

“black”, andavalueof 100indicates“white”. Now, supposewewould like to print agrayscaleimagethatis

speci�ed with lightnessvaluesover [0;100], but our printercanonly reproducegray toneswith lightnesses

over, say, [20;100]. How dowemapthelightnessvaluesin theinput imageto lightnessvaluesthatourprinter

canreproduce?Oursubproblem,sinceit only dealswith grayscaleimagesis known as“lightnessscaling”.

9.1 PreviousWorks

Thereis a hugebody of literaturecovering the generalsubjectof gamutmapping(see[Morovic andLuo

2001] for a recentsurvey). Fortunately, restrictingthe problemto grayscaleimagessimpli�es thingscon-

siderably. For example,one issuewith generalgamutmappinginvolvescomputingthe boundariesof the

reproductiongamut. This usuallyis a messyconcave solid in which we have a largenumberof point sam-

ples. For grayscale,this simpli�es to dealingwith theextentsof onedimension,which canbeeasilyfound

by examiningtheblackandwhitepointsof theoutputdevice.

Thesimplestmethodfor handlingout-of-gamutlightnessis referredto as“clamping”. Here,any grays

outsideof thereproduciblerangearesetto thenearestreproduciblegray. While this is simpleto implement

andworksreasonablywell for small rangecompressions,detailsin the low or high lightnessregionsof the

original imagearelost. This canbe seenbetweenFigures9.1(a)and9.1(b). The original imageis shown

in Figure9.1(a). It haslightnessvaluesrangingover [0;100], at leastin theelectronicspeci�cation. For a

printedcopy of this document,we cannotspeci�cally give theactuallightnessrange.However, evenwhen
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(a) (b) (c)

(d) (e)

Figure 9.1: Comparisonof lightnessscalingtechniques:(a) Original image,(b) rescalingusingclamping,
(c) linearrescaling,(d) sigmoidalrescaling,and(e)ourproposeddetail-preservingrescaling.

printing, thevisual resultsre�ect theelectronicallyreproducedimages.Figure9.1(b)reproducesthe image

with lightnessvalueslessthan20�x edat20. Detail in theareassurroundingtheearandhairhavedisappeared

in theclampedimage.

An alternative to clamping,which will not losedetail in the out-of-rangeregions,is to simply linearly

rescalethe input rangeto theoutputrange.Theresultsof linearly rescalingtherangecanbeseenin Figure

9.1(c). While thedetailshavebeenrestored,theimageappearsto bewashedout. Thedarktones,particularly

nearthe earandcar window in the background,areconsiderablylighter than in the original image. This

washingout of theimageis thegeneralcomplaintagainstlinearscalingasa solutionto thelightnessscaling

problem.Thedi� erencesbetweenlight anddarkgrayshave beenreduced,asthescalingcausesthedarksto
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becomelighterandthelights to becomedarker. This reducestheoverall contrastin theimageandcausesthe

washedout look.

In anattempttopreservebothcontrastanddetail,BraunandFairchild[1999]proposeremappinglightness

usingasmooth,S-shapedfunction.They referto theirchoiceof functionasasigmoid.It is simplytheintegral

of a Gaussianfunction (i.e., the cumulative densityof a normaldistribution). The shapeof the sigmoidis

controlledby two parameters,x0 and� , correspondingto themeanandstandarddeviation of theunderlying

Gaussian.Thegoalof this techniqueis to darkenthedarkregionsandlightenthelight regions.This should

increasethecontrastbetweenlight anddarkregions,althoughit is likely to sacri�ce somedetailwithin the

light anddarkregions.While avoidingthetotal lossof detailfrom theclampingstrategy, thismethodattempts

to avoid thelossof contrastfrom thelinearremappingstrategy. Resultsof this methodcanbeseenin Figure

9.1(d). Parametersfor arbitraryimageswerederived from empiricaldatacollectedfor a variety of images

[BraunandFairchild1999].

9.2 Evaluating LightnessScalingTechniques

Therearetwo goalsfor gamutmapping[Morovic andLuo 2001]. Onegoal is to reproduceanimagethat is

asclosein appearanceto theoriginal aspossible.This is usefulfor applicationswherethesameappearance

is crucial,suchassoft proo�ng. Theothergoal is to producethebestlooking image.This couldbeuseful

for printing digital photographsfrom a family vacation.Somegamutmappingtechniqueswork well for one

goalwhile otherswork betterfor theothergoal. For example,clampingoftenprovidesa goodvisualmatch,

but poor overall appearancedueto lost details. The crafting of a gamutmappingalgorithmthat performs

optimally for bothgoalsis still anopenproblem.

9.3 MDS For LightnessScaling

Sigmoidalmappingof lightness[Braun andFairchild 1999] generallyperformsvery well, most likely due

to theempiricaldatausedto choosemodelparameters.Thereis onepoint, at least,wherethemodelbreaks

down. As theoutputrangeapproachestheinputrange,theremappingshouldapproachtheidentity. However,

for any parametricremapping,theshapeof the remappingfunctionwill alwaysbecontrolledby themodel

used.For sigmoidalremapping,therewill alwaysbe some“curve” to the remappingfunction,even asthe

outputrangeapproachesthe input range.An exampleof this canbeseenin Figure9.2. Here,an imageis
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(a) (b) (c) (d)

Figure 9.2: De�ciencieswith sigmoidalscaling: (a) Original image,(b) linear scalingto [2;100], (c) sig-
moidalscalingto [2;100], and(d) our detail-preservingscalingto [2;100]. Note that thesigmoidalscaling
appearsdarkeroverallwhile thelinearscalinglooksverycloseto theoriginal.

shown reproducedover the lightnessrange[2;100]. While the linearly remappedimageappearsto bevery

closeto the original, the sigmoidalremappingappearsdarker. This is dueto the residualcurvaturein the

mappingfunctionfrom thesigmoidalmodel.

Another way to think of rescalinglightnessis as a contrastpreservingoperation. We would like the

contrastbetweenoutputgray valuesto be roughly that of the input gray values. With this view, lightness

scalingis just an extensionof the objective functionsdiscussedin Chapter5. In this case,we have the

di� erencebetweentwo grayvaluesin theoriginal image,
 i j , whichcanrangeover [0;100]. Theoutputgray

values,gi , shouldrangeover a di� erentscale,say[20;100]. Then,to minimize lossof contrast,we wish to

minimize
nX

i

nX

j>i

1

 2

i j

� ���gi � g j

��� � 
 i j

�2
(9.1)

for somesetof n gray values. Note that here,
 is the unscaleddi� erencebetweenoriginal gray values,

e.g. the objective of constantdi� erences.Generally, the numberof discretelightnessvaluesavailableon

anoutputdevice is small, sowe neednot beoverly concernedwith interpolatinga quantizedsolutionover

theoriginal data. Now, unlike thecasefor grayscaleconversion,we caneliminatetheabsolutevaluefrom

theminimization.An easilyappliedconstraintfor this minimizationis thattheoutputgrayvaluesshouldbe

monotonicallynon-decreasing.Thatis,g j � gi for j > i. Includingthisconstraintsimpli�es ourminimization
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to
nX

i

nX

j>i

1

 2

i j

�
g j � gi � 
 i j

�2
(9.2)

Expression(9.2) is quadratic,andagain it is semi-de�nite,meaningthereis anin�nite collectionof solutions

thatminimizeit, eachsolutionseparatedfrom theothersby someconstanto� set.This indeterminacy canbe

eliminatedby anotherassumption,that thedarkestoutputgrayvalueshouldmapto thebottomof therange

andthelightestoutputgrayvalueshouldmapto thetopof therange.For ourexample,this impliesthatg1 =

20 while gn = 100. Figure9.3 shows the solutionto minimizing (9.2) while enforcingthe non-decreasing

constraint.For small compressionsof the lightnessrange,thesolutionis basicallya linear remapping.For

largercompressions,thesolutiontakesonans-shape,with clampedends.

Minimizing (9.2) with the constraintthat the result is monotonicallynon-decreasingseemsdauntingat

�rst. We have a quadraticfunctionwith a setof linearconstraints.This putsus into therealmof quadratic

programming[Vanderbei1997].Solutionsto generalquadraticprogrammingproblemscanbevery involved.

Fortunately, ourproblemhasrelatively simpleconstraints.For problemsin whichconstraintsareneverredun-

dant,a techniquecalled“gradientprojection”canbeused.Thetechniqueis extremelysimpleto implement,

althoughnot terribly e� cient.For somegeneralmultidimensionalfunction, f (x), theminimizationproceeds

asaniterativeprocessfrom aninitial vector, xo:

xk+1 = P
h
xk � akr f (xk)

i
; k = 0;1; ::: (9.3)

wherexk is thecurrentsolutionvector, ak is thestepsize,andP[] is a functionthatprojectsa valueof x to

bevalid, basedon theconstraints.For constraintson therangeof thecomponentsin xk, theprojectionwill

clampthe valueto the valid range. In the caseof our problem,the projectionforcesthe parametersto be

monotonicallyincreasing.Next, thereis theproblemof choosingthestepsize,ak. Bertsekas[1976; 1982]

describeonesuchmethod.Here,thesmallestnonnegative integer, m, is foundsuchthat

f (xk) � f (xk(Bms)) � �
h
r f (xk)

i t h
xk � xk(Bms)

i
(9.4)

where� , B, ands areparameters,0 � � � 1
2, 0 � B � 1, 0 � s, andak = Bms. We hadsuccessusingthe

parameters,� = :25, � = :5, ands = :1. Notethatak is ascalerwhile xk is avector.
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Figure 9.3: Lightnessscaling: Minimizing (9.2) over a variety of ranges.As the outputrangeapproaches
theinput range,thescalingconvergesto a linearrescaling.

9.4 Evaluation

For aninitial evaluationof thee� ectivenessof our method,we performeda smallexperiment.Four images,

shown in Figure 9.4, were reproducedon a monitor with a reducedrangeof lightness. For one test, the

lightnessrangewas[20;100], andfor a secondtest, the rangewas[2;100]. We useda linear mapping,a

sigmoidalmapping,andthetechniquediscussedin Section9.3. Participantswereaskedto performtwo tasks.

First,they werepresentedwith apairof remappedimagesandaskedto choosetheimagethey preferred.This

would test the ability of the methodsto createvisually pleasingimages. In the secondtask, participants

werepresentedwith a pair of remappedimages,aswell astheoriginal image. They wereasked to choose

the remappedimagethatbestmatchedtheoriginal. For the imageswith the range[20;100], therewere19

participants.For thelargerreproductionrangeof [2; 100],therewere12participants.As with theexperiment

in Chapter8, we usedThurstone's Law of Comparative Judgment[Torgerson1967] to arrangethe paired

preferencesfor eachimagein a linear scale. A 95% con�denceinterval was computed,as discussedby

Braunetal. [1996]. Theraw datacanbeseenin Tables9.1, 9.2, 9.3, and9.4.

Figures9.5and9.6show theresultsof thepreferenceandmatchingexperiments,respectively. Theresults

of thepreferenceexperimentaresomewhatmixed. For the lightnessrangeof [2; 100], all threetechniques

performedequally. Whenwe movedto thesmallerlightnessrangeof [20;100],our techniqueoutperformed

linearremapping.This would indicatethatasthelightnessrangeis compressedfurther, our techniqueis not
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(a) (b) (c) (d)

Figure 9.4: Experimentimages: The four imagesusedto evaluatethe performanceof various lightness
scalingtechniques.Image9.4(a)is courtesyof RobertGeist.
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Figure9.5: Preferencescaling:Resultsof thepreferenceexperimentwith (a)[2; 100]rangeand(b) [20;100]
range.For thelargerrange,thereis no clearwinner. In thesmallerrange,our methodperformedbetterthan
linear, while sigmoidalremappingperformedaswell astheothertwo techniques.
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Figure 9.6: Match scaling: Resultsof the matchingexperimentwith (a) [2; 100] rangeand (b) [20;100]
range.For the larger range,bothour techniqueandlinear remappingoutperformedsigmoidalmapping.In
thesmallerrange,bothour techniqueandsigmoidalremappingoutperformedlinearremapping.

subjectto the “washedout” look that linear remappingintroduces.While our remappingtechniquefails to

outperformsigmoidalmapping,it doesnotperformany worse.

In thematchingexperiment,bothourtechniqueandlinearremappingoutperformedsigmoidalremapping,

for thelargelightnessrange.This supportsour claim thatastheoutputlightnessrangeincreases,theremap-

ping function shouldconverge to the identity function. As the output lightnessrangedecreased,however,

both our techniqueandsigmoidalremappingoutperformlinear remapping.Again, betweenour technique

and sigmoidalremapping,thereis not a signi�cant di� erencein performance.Basedon theseresults,it

would appearthatour techniquecombinesboththestrengthsof linearremapping(for largeoutputlightness

ranges)andsigmoidalremapping(for smalleroutputlightnessranges).

9.5 Discussion

To help reducethe sizeof the experiment,we neglectedto compareclampingto the othertechniques.An

interestingextensionwouldbeto repeattheexperimentincludingthis technique.Ourexperimentshows that

lightnessscalingbasedonminimizing (9.1) canadaptto propershapefor bothsmallandlargecompressions

of thelightnessrange.
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Landscape Linear Sigmoidal MDS
Linear - 14 14

Sigmoidal 5 - 12
MDS 5 7 -

Bush
Linear - 13 9

Sigmoidal 6 - 7
MDS 10 12 -

Tree
Linear - 13 15

Sigmoidal 6 - 13
MDS 4 6 -

Face
Linear - 5 9

Sigmoidal 14 - 14
MDS 10 5 -

Table 9.1: Preference ExperimentalData: Raw data for preferenceexperiment with lightness range
[20;100]. Ai j representsthenumberof timesmethodj waschosenover methodi.

Landscape Linear Sigmoidal MDS
Linear - 17 16

Sigmoidal 2 - 2
MDS 3 17 -

Bush
Linear - 12 8

Sigmoidal 7 - 6
MDS 11 13 -

Tree
Linear - 18 19

Sigmoidal 1 - 11
MDS 0 8 -

Face
Linear - 7 7

Sigmoidal 12 - 12
MDS 12 7 -

Table 9.2: Matching ExperimentalData: Raw datafor matchingexperimentwith lightnessrange[20;100].
Ai j representsthenumberof timesmethodj waschosenovermethodi.



87

Landscape Linear Sigmoidal MDS
Linear - 8 9

Sigmoidal 4 - 3
MDS 3 9 -

Bush
Linear - 3 5

Sigmoidal 9 - 3
MDS 7 9 -

Tree
Linear - 5 7

Sigmoidal 7 - 5
MDS 5 7 -

Face
Linear - 4 7

Sigmoidal 8 - 7
MDS 5 5 -

Table9.3: PreferenceExperimentalData: Raw datafor preferenceexperimentwith lightnessrange[2;100].
Ai j representsthenumberof timesmethodj waschosenovermethodi.

Landscape Linear Sigmoidal MDS
Linear - 5 7

Sigmoidal 7 - 8
MDS 5 4 -

Bush
Linear - 5 5

Sigmoidal 7 - 8
MDS 7 4 -

Tree
Linear - 2 9

Sigmoidal 10 - 9
MDS 3 3 -

Face
Linear - 1 7

Sigmoidal 11 - 9
MDS 5 3 -

Table 9.4: Matching ExperimentalData: Raw datafor matchingexperimentwith lightnessrange[2;100].
Ai j representsthenumberof timesmethodj waschosenovermethodi.



Chapter 10

Futur eWork

We have discussedseveralproblemsinvolving color manipulationthatcanbene�t from preservingcon-

trastbetweenpairsof colors.While we have foundpromisingsolutions,therestill areseveralavenuesopen

for investigation. In thischapter, wewill discussde�cienciesin ourcurrenttechniques,extensionsof current

methods,andmoretheoreticaltopicsfor futurediscussion.

10.1 Outstanding Issues

The�rst outstandingissueis thehandlingof imagesequences.Currently, we considerthetransformationof

animageusingthecolorscontainedin thatimage.If wedirectlyapplythisstrategy to asequenceof images,

we will likely have distractingtransitionsfrom oneframeto thenext. For example,if we areconverting to

grayscale,acolor in oneframemaymapto a light gray, while in thenext framethesamecolormaymapto a

darkgray. Wewould likesomesemblanceof temporalcoherencebetweenthecolormappings.

Anotherissueinvolvesthe interpolationstrategy discussedin Section7.3. Theproblemis illustratedin

Figure10.1. The left imageshows the original image. The centerimageshows the resultof minimizing

STRESS- the chunkinessof the imageresultsfrom the color quantization. The right imageshows the

STRESSsolutioninterpolatedover the original image. We canstill seesomenoiseandchunkinessin the

interpolatedimage. It doesnot vary as smoothlyas the original image. Techniquesfor removing these

artifactsarestill unknown.

Figure10.2showsanotherlimitation. Here,thereareseveraldistincthuesin thepinwheel.In agrayscale

image,thereis insu� cient perceptualbandwidthto mapeachhueto a distinct shadeof gray. Someof the

huesareindistinguishable.This maybea casewherecurrentstrategiesfail, andotherassumptionsmustbe

made.

10.2 Extensions

Thereareseveral extensionsthat could be investigated. First, thereis the issueof how to properlyscale

colordi� erenceswhenre-coloringimages.In section7.5, weproposedre-coloringimagesfor colorde�cient
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Figure 10.1: Interpolation Artifacts: Original image(left), solution of STRESSquantizedto 256 colors
(center),andquantizedsolutioninterpolatedover theoriginal color image(right). Notetheblotchy artifacts
remainingin theright image.

Figure 10.2: Too Much Color Variation: Here,thereis insu� cientperceptualbandwidthto mapeachblade
of thepinwheelto adistinctshadeof gray.
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viewersby solving the problemwith constantdi� erences.The target valueof � in the lower dimensional

con�gurationwasequalto theoriginal color di� erence.In section7.4.2, we discussedsolvingthegrayscale

problemby normalizingthe color di� erenceto �nd � . In the re-coloringproblem,�nding an appropriate

normalizationis still anopenproblem.

Anotherdirectionto investigatewhenre-coloringimagesis the issueof striking a balancebetweenthe

original colorsandthecolorsyielding maximumcontrast.For example,in theimagesin Figure7.7bothred

andgreenhave beenremapped.This ignoresvarioushigher-level processing;e.g. leavesaregreen,thesky

is blue, andso forth. If we wereableto incorporatetheseconstraints,morenaturallooking imagescould

beproduced.Ichikawa et al. [2003;2004]brie�y explorethis concept,by attemptingto keepoutputcolors

similar to the input colors. However, a blind constrainingof the magnitudeof color changewill sacri�ce

contrast.

An interestingextensionwould beto introducemoreusercontrol to there-coloringor grayscaleconver-

sionprocess.With ourcurrentmethod,thiscaneasilybedoneby introducingconstraints.A usercouldpaint

regionswith thedesiredoutputcoloror gray. For thegrayscalecase,theusercouldpaintregionsthatshould

belighteror darker thanotherregions.Thiswouldallow for avarietyof interestinge� ects.

Finally, webelieveit shouldbepossibleto extendthetechniquefor lightnessscalingfrom Chapter9 to the

generalproblemof gamutmapping.Typically, gamutmappinghasbeenapoint-wiseoperation.Transforming

the color in a pair-wise mannermay yield someimprovement. For the lightnessscalingcase,a pair-wise

treatmentappearsto yield goodresults.For color gamutmapping,a commonconstraint[Stoneet al. 1988]

is to keephue(H = tan� 1 b�

a� ) constantwhile adjustingL� andchroma(C =
p

(a� )2 + (b� )2). This reduces

thesystemto a 2D problem.Constraintson L� would bemonotonic,asin the lightnessscalingcase,while

constraintsonC would keepit within thegamutfor a givenL� andH. Theissuethenarisesasto �nding an

appropriatevalueof � . Perhapstheanswerto this questionlies entangledwith thatof �nding good� values

for re-coloring.

10.3 Investigations

Thereare several longer-term areasto explore. Our techniqueis far from having real-timeperformance.

While we could operateon a severely quantizedimagewith only a handfulof colors,this would seriously

impactthe quality of the results.Anotheralternative would be to exploit the parallelprocessingin current

graphicshardware.However, it is notapparentthatourschemewill parallelizewithoutsigni�cant e� ort.
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A coreassumptionthat we have madeis that �nding a total orderingof all colorsis di� cult. If it was

possibleto �nd a total orderingof colorsalongonedimension(for grayscaletransformation),the absolute

valuesin (5.5) could be removed, makingit quadratic.This would allow for a muchsimplerande� cient

per-imagecomputation.It may even be possibleto reformulate(5.5) suchthat the inner sumis only over

adjacentvalues.Thiswould furtherreducethecomputationby increasingsparsity.

In order to understandif a total orderingof colors, in one dimension,is possiblefor all images,we

needto understandmoreaboutthe relationshipbetweencolor orderandvisually pleasinggrayscale.This

providesseveralopportunitiesfor perceptualexperiments.A �rst experimentmight look to order, in terms

of which appearsto be“lighter”, colorswhich have equalL� andC valuesbut varyinghue.For variationsin

C, theHelmholtz-Kohlrausche� ectcomesinto play. Here,colorswith higherC valuesareperceived to be

lighter thanthosewith lowerC values.Fairchild andPirrotta[1991] have donesomework in evaluatingthe

relationshipbetweenchromaandperceivedlightness.It mayalsobeinsightful to look notatgrayscaleorder,

but ratherhow grayscaleshouldchangeovercolorspace.If g(L� ;C; H) describesthegrayvalueatsomepoint

in color space,wecouldattemptto determiner g(L� ;C; H) over thecolorspace.Thiswouldshedsomelight

onhow grayshouldchangeover shiftsin notonly hue,but alsolightnessandchroma.
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Pérez, P., Gangnet, M., andBlake, A. 2003. Poissonimageediting. ACM Transactionson Graphics22, 3
(July),313–318.

Pliner , V. 1996.Metric unidimensionalscalingandglobaloptimization.Journalof Classi�cation13, 3–18.

Power, J.,West, B. S.,Stollntiz , E. J.,andSalesin, D. H. 1996. Reproducingcolor imagesasduotones.In
Proceedingsof ACM SIGGRAPH1996. 237–248.

Press, W., Flannery, B., Teukolsky, S., and Vetterling , W. 1992. NumericalRecipesin C, Seconded.
CambridgeUniversityPress.

Rasche, K., Geist, R., andWestall , J. 2005a.Detail preservingreproductionof color imagesfor monochro-
matsanddichromats.IEEEComputerGraphics& Applications25,3 (May), 22–30.

Rasche, K., Geist, R., andWestall , J.2005b. Re-coloringimagesfor gamutsof lower dimension.Computer
GraphicsForum24,3.

Raskar, R., Ilie, A., and Yu, J. 2004. Imagefusion for context enhancementand video surrealism. In
InternationalSymposiumonNon-PhotorealisticAnimationandRendering.

Reinhard, E.,Ashikhmin, M., Gooch, B., andShirley, P. 2001.Colortransferbetweenimages.IEEEComputer
GraphicsandApplications21,5, 34–41.

Roetling, P. 1981. Methodandapparatusfor makingmonochromefacsimilesof color imageson color dis-
plays.UnitedStatesPatent4,308,553.

Rowels, S. T. andSaul , L. K. 2000. Nonlineardimensionalityreductionby locally linear embedding.Sci-
ence290,5500(December),2323–2326.

Saul , L. K. andRoweis, S. T. 2003. Think globally, �t locally: Unsupervisedlearningof low dimensional
manifolds.Journalof MachineLearning4, 119–155.

Schmiedl, U., Or thendahl, D. A., Mark , A. S., Berr y, I., andKaufman, L. 1987. The utility of principal
componentanalysisfor the imagedisplayof brain lesions: A preliminary, comparative study. Magnetic
Resonancein Medicine4, 471–486.

Shewchuk, J.1994.An introductionto theconjugategradientmethodwithout theagonizingpain.

Smith, A. R. 1978. Color gamuttransformpairs. In ComputerGraphics(Proceedingsof ACM SIGGRAPH
78). 12–19.

Socolinsky, D. A. 2000.A variationalapproachto imagefusion. Ph.D.thesis,TheJohnsHopkinsUniversity.

Socolinsky, D. A. andWolff , L. B. 2002. Multispectralimagevisualizationthrough�rst-order fusion. IEEE
Transactionson ImageProcessing11,8 (August).



95

Stollnitz , E. J.,Ostr omoukhov, V., andSalesin, D. 1998. Reproducingcolor imagesusingcustominks. In
Proceedingsof ACM SIGGRAPH1998. 267–274.

Stone, M. C., Cowan, W. B., andBeatty , J. C. 1988. Color gamutmappingandtheprinting of digital color
images.ACM TransactionsonGraphics7, 4 (October),249–292.

Strang, G. 1988.LinearAlgebra andits applications. Hardcourt,Brace,Jovanovich.

Tenenbaum, J.B., deSil va, V., andLangford, J.C. 2000.A globalgeometricframework for nonlineardimen-
sionalityreduction.Science290,5500(December),2319–2323.

Torgerson, W. 1967.TheoryandMethodsof Scaling. Wiley.

Tumblin, J. andRushmeier, H. 1993. Tonereproductionfor realisticimages.IEEE ComputerGraphicsand
Applications13,6 (November),42–48.

Vanderbei, R. J.1997.LinearProgramming:FoundationsandExtensions. Kluwer Academic.

Walraven, J. andAlferdinck , J. W. 1997. Color displaysfor the color blind. In IS&T and SID 5th Color
ImagingConference. 17–22.

Wandell, B. 1995.Foundationsof Vision. SinauerAssociates,Inc.

Weinberger, K. Q.andSaul , L. K. 2004.Unsupervisedlearningof imagemanifoldsby semide�niteprogram-
ming. In IEEEConferenceonComputerVisionandPatternRecognition.

Zhang, X. andWandell, B. 1997.A spatialextentionof CIELAB for digital color imagereproduction.Society
for InformationDisplayJournal.


	Title Page
	Abstract
	Acknowledgements
	Table of Contents
	List of Figures
	List of Tables
	List of Algorithms
	1 Introduction
	2 Background
	3 Gamut Reduction
	4 Related Work
	4.1 Similar Problems
	4.2 Dimension Reduction
	4.3 Image Fusion
	4.4 Photography
	4.5 Color to Grayscale for Business Graphics
	4.6 Color to Grayscale for General Images
	4.7 Re-coloring Images for Color Deficient Viewers

	5 Constant Proportions for Detail Preservation
	5.1 A Re-coloring Equation
	5.2 Constant Proportions
	5.3 An Example Grayscale Conversion
	5.4 Constant Proportions For Image Re-coloring

	6 A Linear Solution of Constant Proportions
	6.1 Gray Vector Projection
	6.2 Solving the Grayscale Problem
	6.2.1 Effects of Color Quantization
	6.2.2 Nonlinear Minimization
	6.2.3 Results

	6.3 Solving the Re-coloring Problem
	6.3.1 Results
	6.3.2 Discussion

	6.4 Conclusions

	7 A Nonlinear Solution of Constant Proportions
	7.1 Majorization
	7.2 Constrained Majorization
	7.2.1 Linear Programming
	7.2.2 A Linear Programming Formulation of Constrained Majorization

	7.3 Interpolating The Solution
	7.4 Solving the Grayscale Problem
	7.4.1 Constraints
	7.4.2 Determining 
	7.4.3 Weighting the terms
	7.4.4 Minimizing STRESS
	7.4.5 Interpreting the results
	7.4.6 Results
	7.4.7 Reintroducing Color to Grayscale Images

	7.5 Solving the Re-coloring Problem
	7.5.1 Distinguishable Colors
	7.5.2 Constraints
	7.5.3 Results

	7.6 Discussion

	8 Evaluation of Grayscale Transformations
	9 Lightness Scaling
	9.1 Previous Works
	9.2 Evaluating Lightness Scaling Techniques
	9.3 MDS For Lightness Scaling
	9.4 Evaluation
	9.5 Discussion

	10 Future Work
	10.1 Outstanding Issues
	10.2 Extensions
	10.3 Investigations


